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Abstract
In this review we show that a Clifford algebra possesses a unique irreducible represen-
tation; the spinor representation. We discuss what types of spinors can exist in Minkowski
space-times and we explain how to construct all the supersymmetry algebras that con-
tain a given space-time Lie algebra. After deriving the irreducible representations of the
superymmetry algebras, we explain how to use them to systematically construct super-
gravity theories. We give the maximally supersymmetric supergravity theories in ten and
eleven dimensions and discuss their properties. We find which superbranes can exist for a
given supersymmetry algebra and we give the dynamics of the superbranes that occur in
M theory. Finally, we discuss how the properties of supergravity theories and superbranes
provide evidence for string duality.
In effect, we present a continuous chain of argument that begins with Clifford algebras
and leads via supersymmetry algebras and their irreducible representations to supergravity
theories, string duality, brane dynamics and M theory.
‡ This material is based on lectures presented at the EU conference on Duality and
Supersymmetric Theories, the Issac Newton Institute, Cambridge, UK and at the TASI
1997 Summer School, Boulder, Colorado, USA.
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0. Introduction
In this review we begin with an account of Clifford algebras and show that they each
possess only one irreducible representation, the spinor representation. We discuss the
types of spinors can exist in Minkowski space-times. Equipped with this knowledge, we
show how to systematically construct the supersymmetry algebras that contain a given
space-time Lie group, such as the Poincare group. In the context of the four-dimensional
supersymmetry algebras, we illustrate how to find all irreducible representations of the
supersymmetry algebras and so arrive at a listing of all possible supersymmetric theories.
We then turn to the construction of theories of local supersymmetry, that is supergrav-
ity theories and show how to derive these theories from a knowledge of the corresponding
irreducible representation of the supersymmetry algebra, (i.e. on-shell states). Of the three
methods given for the construction of supergravity theories two are rather systematic in
that they always lead to the desired theory with very little additional information. In
section 5 and we give the unique supergravity theory in eleven dimensions while in section
6 we describe that two maximally supersymmetric theories in ten dimensions, the IIA and
IIB supergravity theories. In addition to explaining how one constructs these theories
according to the methods given in section 4, we describe the properties of these theories.
These include the SL(2, R) invariance of the IIB theory and the derivation of the IIA
supergravity theory from the eleven-dimensional supergravity theory by compactification
on a circle. The ten-dimensional IIA and IIB supergravity theories are the low energy
effective actions of IIA and IIB string theories and we discuss the consequences of this
relationship for string theories. The eleven-dimensional supergravity theory is thought to
be the low energy effective action of a yet to be clearly defined theory called M theory.
The supergravity theories admit solitonic solutions to their classical field equations
that correspond to static p-branes. A p-brane is an object which sweeps out a p + 1-
dimensional surface as it moves through space-time. They generalise strings which are
1-branes. However, from the string theory perspective p-branes for p > 1 are non-
perturbative objects. In section 7, we give the dynamics of p-branes and discuss which
p-branes can occur in the IIA, IIB and M theories. In particular, we find that in M theory
we can have only twobranes and fivebranes and we give the equations of motion of these
branes.
The supergravity theories in ten and eleven dimensions form the basis for most discus-
sions of string duality and in section 8 we outline some of these arguments. In particular
we discuss the non-perturbative string duality symmetries and the way they rotate per-
turbative string states into the p-branes discussed in section 7.
In effect this review traces a continuous chain of argument that begins with Clifford
algebras and leads via supersymmetry algebras and their representations to supergravity
theories, superbranes and then to string dualities and M theory.
1.Clifford Algebras and Spinors
In this section we define a Clifford algebra in an arbitrary dimension and find its
irreducible representations and their properties. This enables us to find which types of
spinors are allowed in a given Minkowski space-time.
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The starting point for the construction of supersymmetric theories is the supersym-
metry algebra which underlies it. Supersymmetry algebras contain supercharges which
transform as spinors under the appropriate Lorentz group. Hence, even to construct the
supersymmetry algebras, as we do in the section two, we must first find out what types
of spinors are possible in a given dimension and what are their properties. We will find
in subsequent sections that supersymmetric algebras and the supersymmetric theories on
which they are based rely for their existence in an essential way on the detailed properties
of Clifford algebras, that we will derive in this section.
As far as I am aware the first discussion of spinors in arbitrary dimensions was given
in [100] and many of the steps in this section are taken from this paper. Use has also been
made of the reviews of references [101], [102] and [194].
1.1. Clifford Algebras
A Clifford algebra in D dimensions is defined as a set containing D elements γm which
satisfy the relation
{γm, γn} =≡ γmγn + γnγm = 2ηmn (1.1.1)
where the labels m,n, . . . take D values and ηmn is the flat metric in R
s,t (s+ t = D); that
is the metric ηmn is a diagonal matrix whose first t entries down the diagonal are −1 and
whose last s entries are +1. We can raise and lower the m,n, . . . indices using the metric
ηmn = η
mn in the usual way.
Under multiplication the D elements γn of the Clifford algebra generate a finite group
denoted CD which consists of the elements
CD = {±1,±γm,±γm1,m2 , . . . ,±γm1...mD} (1.1.2)
The γm1m2... is non-vanishing only if all indices m1, m2, . . . are different in which case it
equals
γm1m2... = γm1γm2 . . . (1.1.3)
The set of matrices γm1m2...mp for all possible different values of the m’s contains
D!
(D − p)!p! =
(
D
p
)
different elements. Hence the group CD generated by the γm has order
2
D∑
p=0
(
D
p
)
= 2(1 + 1)D = 2D+1 (1.1.4)
1.2 Clifford Algebras in Even Dimensions
To find the representations of CD is a standard exercise in representation theory of
finite groups [116]. We will first consider the case of even D.
The number of irreducible representations of any finite dimensional group, G equals
the number of its conjugacy classes. We recall that the conjugacy class [a] of a ∈ G is
given by
[a] = {gag−1 ∀ g ∈ G} (1.2.1)
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For even D it is straightforward to show, using equation (1.1.1), that the conjugacy classes
of CD are given by
[+1], [−1], [γm], [γm1m2 ], . . . , [γm1...mD ] (1.2.2)
Hence for D even there are 2D + 1 inequivalent irreducible representations of CD.
Next we use the fact that the number of inequivalent one-dimensional representations
of any finite group G is equal to the order of G divided by the order of the commutator
group of G. We denote the commutator group of G by Com(G). It is defined to be the
group Com(G) = aba−1b−1, ∀ a, b ∈ G. For D even the commutant of CD is just
the elements ±1 and so has order 2. As a result, the number of inequivalent irreducible
one-dimensional representations of CD is 2
D. Since the total number of irreducible repre-
sentations is 2D + 1, we conclude that there is only one irreducible representation whose
dimension is greater that one.
Finally, we make use of the theorem that if we denote the order of any finite group
by ordG and it has p irreducible inequivalent representations of dimension np then
ordG =
∑
p
(np)
2 (1.2.3)
Applying this theorem to CD we find that
2D+1 = 122D + n2 (1.2.4)
where n is the dimension of the only irreducible representation whose dimension is greater
than one. We therefore conclude that n = 2
D
2 . These results are summarised in the
following theorem.
Theorem For D even the group CD has 2
D + 1 inequivalent irreducible represen-
tations. Of these irreducible representations 2D are one-dimensional and the remaining
representation has dimension 2
D
2 .
This means that we can represent the γm as 2
D
2 by 2
D
2 matrices for the irreducible
representation with dimension greater than one. Our next task is to find the properties of
this representation under complex conjugation and transpose.
That the above are irreducible representations of the group CD means that they
provide a representation of the group which consists of the elements given in equation
(1.1.2) together with a group composition law which is derived from the Clifford algebra
relations using only the operation of multiplication. In particular, the group operations
do not include the operations of addition and subtraction which also occur in the Clifford
algebra defining condition of equation (1.1.1). Hence, the irreducible representations of CD
are not necessarily irreducible representations of the Clifford algebra itself. In fact, all the
one-dimensional irreducible representations of CD do not extend to be also representations
of the Clifford algebra as they do not obey the rules for addition and subtraction. As
such, the only representation of CD and the Clifford algebra is the unique irreducible
representation of dimension greater than one described above. It follows that Clifford
algebra itself has only one irreducible representation and this has dimension 2
D
2 . It is of
course the well known spinor representation. In fact, the one-dimensional representations
are not faithful representations of CD and we shall not consider them in what follows.
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Given an irreducible representation of the Clifford algebra, also denoted γm, with
dimension greater than one we can take its complex conjugate. Denoting the complex
conjugate of the representation by γ∗m, it is obvious that γ
∗
m also satisfies equation (1.1.1)
and so form a representation of the same Clifford algebra. It follows that they also form
a representation of CD. However, there is only one irreducible representation of CD of
dimension greater than one and as a result, the complex conjugate representation and the
original representation must be equivalent. Consequently, there exist a matrix B such that
γ∗m = BγmB
−1 (1.2.5)
We can choose the scale of B such that | detB| = 1. Taking the complex conjugate of
equation (1.2.5) we find that
γm = (γ
∗
m)
∗ = +B∗BγmB−1B−1∗ (1.2.6)
Hence, we conclude that B∗B commutes with the irreducible representation and by Schur’s
Lemma must be a constant times the identity matrix, i.e.
B∗B = ǫI (1.2.7)
Taking the complex conjugate of the above relation we find that BB∗ = ǫ∗I and so
BB∗BB−1 = ǫ∗I = ǫI thus ǫ = ǫ∗ i.e. ǫ is real. Since we have chosen | detB| = 1 we
conclude that that |ǫ| = 1 and so ǫ = ±1.
We can also consider the transpose of the irreducible representation γm that has
dimension greater than one. Denoting the transpose of γm by γ
T
m, we find, using a very
similar argument, that γm and γ
T
m are equivalent representations and so there exists a
matrix C, called the charge conjugation matrix, such that
γTm = −CγmC−1 (1.2.8)
We denote the Hermitian conjugate of γm by γ
†
m = γ
∗T
m . We can relate C to B if
we know the Hermiticity properties of the γm. For simplicity, and because this is the
case of most interest to us, from now on we assume that we are in a Lorentzian space-
time whose metric ηmn is given by η = diag (−1,+1,+1, . . . ,+1). Any finite-dimensional
representation of a finite group G can be chosen to be unitary. Making this choice for
our group CD we have γmγ
†
m = 1. Taking into account the relationship γnγn = ηnn we
conclude that
γ0
† = −γ0, γ†m = γm; m = 1, . . . , D − 1 (1.2.9)
We could, as some texts do, regard this equation as part of the definition of the Clifford
algebra. We may rewrite equation (1.2.9) as
γ†m = γ0γmγ0 (1.2.10)
We may take C to be given by C = −BT γ0 as then
CγmC
−1 = BTγ0γm(−γ0((B)T )−1) = −BT γ†m(B)T
−1
= −(B−1γ∗mB)
T
= −γTm (1.2.11)
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as required.
Further restrictions on B can be found by computing γTm in two ways: we see that
γTm = (γ
∗
m)
†
= (γ†m)
∗ implies
(B−1)
†
γ0γmγ0B
† = Bγ0γmγ0B
−1 (1.2.12)
Using Schur’s Lemma we deduce that −γ0B†Bγ0 is proportional to the unit matrix and
as a result so is B†B, i.e. B†B = µI. Since | detB| = 1 we find that |µ| = 1, but taking
the matrix element of B†B = µI with any vector we conclude that µ is real and positive.
Hence µ = 1 and consequently B is unitary, i.e. B†B = I. This result and the previously
derived equation BB∗ = ǫI imply that
BT = ǫB, CT = −ǫC (1.2.13)
We now wish to determine ǫ in terms of the space-time dimension D. Consider the
set of matrices
I, γm, γm1m2m3 , γm1m2m3 , γm1...mD . (1.2.14)
There are 2D =
∑
p
(
D
p
)
= (1 + 1)D such matrices and as they are linearly independent
they form a basis for the space of all 2
D
2 by 2
D
2 matrices. Using equation (1.1.1) we can
relate γm1...mp to γmp...m1 , to find that the sign change required to reverse the order of the
indices is given by
γm1...mp = (−1)p
(p−1)
2 γmp...m1 . (1.2.15)
This equation together with equation (1.2.11) imply that
Cγm1...mpC
−1 = (−1)p(−1)p (p−1)2 γm1...mpT (1.2.16)
or equivalently
(Cγm1...mp) = ǫ(−1)
(p−1)(p−2)
2 (Cγm1...mp)
T
(1.2.17)
Using this result we can calculate the number of anti-symmetric matrices in the complete
set of equation (1.2.14) when multiplied from the left by C; It is given by is given by
D∑
p=0
1
2
(
1− ǫ(−1) (p−1)(p−2)2
)(D
p
)
(1.2.18)
Using the relationship
(−1) (p−1)(p−2)2 = −1
2
[
(1 + i)in + (1− i)(−i)n], (1.2.19)
we can carry out the sum in equation (1.2.18). We know, however, that the number of
anti-symmetric matrices is 2
D
2 (2
D
2 − 1) 1
2
. Equating these two methods of evaluating the
number of antisymmetric matrices we find that
ǫ = −
√
2 cos
π
4
(D + 1). (1.2.20)
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Put another way ǫ = +1 for D = 2, 4; mod 8 and ǫ = −1 for D = 6, 8; mod 8. It
follows from equation (1.2.13) that for D = 2, 4; mod 8, B is a symmetric unitary matrix.
Writing B in terms of its real and imaginary parts B = B1 + iB2 where B1 and B2 are
symmetric and real, the unitarity condition becomes B21+B
2
2 = 1 and [B1, B2] = 0. Under
a change of basis of the γm matrices; γ
m′ = AγnA−1 we find that the matrix B changes as
B′ = A∗BA−1. In fact, we can use A to diagonalize B1 and B2 which, still being unitary,
must be of the form B = diag(eiα1 , . . . , eiαD ). Carrying out another A transformation of
the form A = diag(ei
α1
2 , . . . , ei
αD
2 ) we find the new B equals one. Hence if D = 2, 4; mod
8 the γm matrices can be chosen to be real and C = γ
0.
1.3 Spinors in Even Dimensions
By definition a spinor λ transforms under Spin(1, D − 1) as
δλ =
1
4
wmnγmnλ (1.3.1)
where wmn = −wnm are the parameters of the Lorentz transformation. The group
Spin(1, D − 1) is by definition the group generated by 1
4
wmnγmn and it is the cover-
ing group of SO(1, D − 1). The Dirac conjugate denoted λ¯D must transform such that
λ¯Dλ ≡ λ¯Dαλα is invariant and so transforms under a Lorentz transformation as
δλ¯D = λ¯D
(
−1
4
wmnγmn
)
. (1.3.2)
Using the relation γ†mn = −γ0γnmγ0 = γ0γmnγ0 we find that
δ(λ+γ0) = (λ+γ0)
(
−1
4
wmnγmn
)
(1.3.3)
Consequently, we can take the Dirac conjugate to be defined by
λ¯D ≡ λ†γ0 (1.3.4)
The Majorana conjugate, denoted λ¯M is defined by
λ¯m = λTC. (1.3.5)
Using the relationship γTmn = CγnγmC
−1 = −CγmnC−1 we find that
δλ¯M = λT
1
4
wmnγTmnC = −λTC
(
1
4
wmnγmn
)
= λ¯M
(
−1
4
wmnγmn
)
(1.3.6)
Hence the Majorana conjugate transforms like the Dirac conjugate under Spin(1, D − 1)
transformations and as a result we can define a Majorana spinor to be one is whose Dirac
and Majorana conjugates are equal:
λ¯D = λ¯M (1.3.7)
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The above condition can be rewritten as λ∗ = −(γ0)TCTλ and, using the relation C =
BTγ0, it becomes
λ∗ = Bλ (1.3.8)
We could have directly verified that B−1λ∗ transforms under Spin(1, D − 1) in the same
way as λ by using the equation BγmnB
−1 = (γmn)
∗
and as a result have imposed this
Majorana condition without any mention of the Dirac conjugate.
We are finally in a position to discover the dimensions in which Majorana spinors
exist. If we impose the relationship λ∗ = Bλ, then, taking the complex conjugate we find
that it implies the relationship λ = B∗λ∗. Substituting this condition into the first relation
we find that
λ = B∗Bλ = ǫλ (1.3.9)
since B∗B = ǫI. Consequently, Majorana spinors can only exist if ǫ = +1, which is the
case only in the dimensions D = 2, 4; mod 8, i.e. D = 2, 4, 10, 12 . . ..
In an even-dimensional space-time we can construct the matrix
γD+1 = γ0γ1 . . . γD−1 = γ01...D−1 (1.3.10)
This matrix anticommutes with γm and so commutes with the generators
(−14γmn) of
spin(1, D− 1), the covering group of SO(1, D− 1). Hence γD+1χ transforms like a spinor
if χ does. A straightforward calculation shows that
(γD+1)2 = (−1)D(D−1)2 (−1) = (−1)D2 −1 (1.3.11)
Hence (γD+1)2 = 1 for D = 2 mod 4 while (γD+1)2 = −1 for D = 4 mod 4. In either case
we can define Weyl spinors
γD+1χ = ±χ if D = 2 mod 4 (1.3.12)
and
iγD+1χ = ±χ if D = 4 mod 4 (1.3.13)
We can now consider when Majorana-Weyl spinors exist. We found that Majorana spinors
(i.e. χ∗ = Bχ ) exist if ǫ = 1, i.e. when D = 2, 4; mod 8. Taking the complex conjugate
of the above Weyl conditions and using the relationship (γD+1)
∗
= BγD+1B−1 we find
we get a non-vanishing solution only if D = 2 mod 4. Hence Majorana-Weyl spinors only
exist if D = 2 mod 8 i.e. D = 2, 10, 18, 26, . . .. The factor of i is necessary for D = 4 mod
4 as the chirality condition must have an operator that squares to one, however it is this
same factor of i that gets a minus sign under complex conjugation and so rules out the
possibility of having Majorana-Weyl spinors in these dimensions. We note that these are
the dimensions in which self-dual Lorentzian lattices exist and, except for 18 dimensions,
these are the dimensions in which critical strings exist.
Corresponding to the above chiral conditions we can defined projectors onto the spaces
of positive and negative chiral spinors. These projectors are given by P± =
1
2
(1∓ aγD+1)
where a = 1 if D = 2 mod 4 and a = i if D = 4 mod 4. It is easy to verify that they are
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indeed projectors; i.e. P±P∓ = 0, P
2
± = P±, P
2
∓ = P∓ and P± + P∓ = 1. Under complex
conjugation the projectors transform as
P ∗± =
{
BP±B
−1, if D = 2 mod 4
BP∓B
−1, if D = 4 mod 4
(1.3.14)
This equation places restrictions on the form that the matrices B and the chiral projectors
can take. For example, let us write the 2
D
2 by 2
D
2 γ-matrices in terms of 2
D
2 −1 by 2
D
2 −1
blocks. We also choose our basis of spinor such that the projection operators are diagonal
and such that P+ has only its upper diagonal block non-vanishing and equal to the identity
matrix and P− with only its lower diagonal block non-zero and equal to the identity matrix
space. Applying equation (1.3.14), we find that if D = 2 mod 4, the matrix B has only its
two diagonal blocks non-zero and if D = 0 mod 4, only its off-diagonal blocks non-zero.
Under complex conjugation the chiral spinors transform as
B−1(P±λ)
∗
=
{
P±B
−1λ∗, if D = 2 mod 4
P∓B
−1λ∗, if D = 4 mod 4
(1.3.15)
Hence, complex conjugation and multiplication by B−1 relates the same chirality spinors
if D = 2 mod 4 and opposite chirality spinors if D = 4 mod 4. As such, in the dimensions
D = 2, 4; mod 8 where we can define the Majorana spinors, the Majorana condition relates
same chirality spinors if D = 2 mod 4 and opposite chirality spinors if D = 4 mod 4.
We now investigate how a matrix transformation on λ acts on its chiral components.
Under the matrix transformation λ→ Aλ we find that B−1λ∗ → (B−1A∗B)B−1λ∗ and so
the equivalent transformation on B−1λ∗ is B−1A∗B. Clearly if A is a polynomial in the
γ-matrices with real coefficients then this transformation is the same on λ and λ∗. As we
have already discussed this is the case with Lorentz transformations which are generated
by Jmn = 12γ
mn. However, if A = EP± where E is a polynomial in the γ-matrices with
real coefficients then the transformation becomes
B−1(EP±)
∗
B =
{
CP±, if D = 2 mod 4
P∓, if D = 4 mod 4
(1.3.16)
As an example of the latter let us consider the chiral projections of Lorentz transformations
which are given by Jmn± ≡ 12γmnP±. In this case the above equation becomes B−1Jmn± ∗B =
Jmn± for D = 2 mod 4 and B
−1Jmn±
∗B = Jmn∓ for D = 4 mod 4. Hence for D = 2 mod
4 we find that the representation generated by Jmn± generate a representation which for a
given chirality is conjugate to the complex conjugate representation of the same chirality.
On the other hand, for D = 4 mod 4 we find that the complex conjugate of the chiral
Lorentz transformations of a given chirality is conjugate to that for the opposite chirality.
In dimensions D = 2, 4; mod 8 we can choose B = 1 and it is straightforward to interpret
the corresponding constraints. For example, if D = 2 mod 8 then (Jmn± )
∗
= Jmn± and the
representation they generate is contained in the group SL(2
D
2 −1,R).
However, for D = 6, 8; mod 8 the matrix B is anti-symmetric and so can not be chosen
to be one. If in addition we take D = 2 mod 4 that is D = 6 mod 8 then then we conclude
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that the chiral Lorentz transformations are contained in the group SU∗(2
D
2 −1). The group
SU∗(N) is the group of N by N complex matrices of determinant one that commute with
the operation of complex conjugation and multiplication by an anti-symmetric matrix B
which obeys B†B = 1 [103]. That is if A ∈ SU∗(N) then BAB−1 = A∗. Taking such an
infinitesimal transformation A = I +K we find that SU∗(N) has real dimension N2 − 1.
The first such case is D = 6, since SU∗(4) and Spin(1, 5) both have dimension 15 we must
conclude that the group of six-dimensional chiral Lorentz transformations generated by
Jmn± is isomorphic to the group SU
∗(4).
If the spinors carry internal spinor indices that transform under a pseudo-real repre-
sentation of an internal group then we can also define a kind of Majorana spinor when
D = 6, 8; mod 8 by the condition
(λi)
∗
= ΩijBλj (1.3.17)
In this equation Ωij is a real anti-symmetric matrix which also obeys the relations Ωij = Ωij
and ΩijΩjk = −δik. We call spinors that satisfy this type of Majorana condition symplectic
Majorana spinors. Taking the complex conjugate of this symplectic Majorana condition,
using the above relations and the fact that B∗B = −1 we find that it is indeed a consistent
condition. The symplectic Majorana condition should also be such that the internal group,
which acts on the internal indices i, j, . . ., acts in the same way on the left and right
hand sides of the symplectic Majorana condition. This requires λi to carry a pseudo-real
representation of the internal group.
The vector representation of the group USp(N) provides one of the most important
examples of a pseudo-real representation. The group USp(N) consists of unitary matrices
that in addition preserve Ωij ; that is matrices A which satisfy A†A = 1 and ATΩA =
Ω. Taking such an infinitesimal transformation we find that this group has dimension
1
2N(N + 1). Under λ → Aλ, we find that λ∗ → A∗λ∗, but Ωλ → ΩAλ = −ΩAΩΩλ.
However, using the defining conditions of USp(N) we can show that
−ΩAΩ = −(AT )−1ΩΩ = (AT )−1 = (A†)T = A∗ (1.3.18)
which means that the symplectic Majorana condition preserves USp(N). We note that
USp(2) = SU(2).
In addition to the symplectic Majorana condition of equation (1.3.17) which requires
D = 6, 8; mod 8 we can also impose a Weyl constraint if D = 2 mod 4. That is dimensions
D = 6 mod 8 symplectic Majorana-Weyl spinors exist.
An important example of a symplectic Majorana-Weyl spinors are those in six di-
mensions that transform under USp(4). These spinors naturally arise when we reduce
that Majorana eleven-dimensional spinors to six dimensions. The eleven-dimensional
spinors transform under Spin(1, 10) which under the reduction to six dimensions becomes
Spin(1, 5)×Spin(5). The Spin(5) which is isomorphic to USp(4) and becomes the internal
group in six dimensions. In fact we get symplectic Majorana-Weyl spinors of both chirality
each of which has 4× 4 = 16 components.
1.4 Clifford Algebras in Odd Dimensions
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We now take the dimension of space-time D to be odd. The group CD of equation
(1.1.2) is generated by the γn and has order 2
D+1. The irreducible representations can be
found using the same arguments as we did for the case of a space-time of even dimensions.
However, there are some differences which are a consequence of the fact that the conjugacy
classes are not given by the obvious generalisation of those for even-dimensional case which
were listed in equation (1.2.2). From all the γ-matrices, γm, m = 0, 1, . . . , D−1 we can form
the matrix γD ≡ γ0γ1 . . . γD−1. This matrix commutes with all the γm m = 0, 1, . . . , D−1
and so all products of the γm. As such, ±γD form conjugacy classes by themselves and as
a result the full list of conjugacy classes is given by
[1], [−1], [γm], [γm1m2 ], . . . , [γm1...mD ], [−γm1...mD ] (1.4.1)
There are 2D + 2 conjugacy classes and so 2D + 2 inequivalent irreducible representations
of CD.
The commutator group of CD is given by {±1} and so has order 2. As such, the
number of inequivalent irreducible one-dimensional representations of CD is 2
D. Hence,
in an odd-dimensional space-time we have two inequivalent irreducible representations of
CD of dimension greater than one. In either of these two irreducible representations, the
matrix γD commutes with the entire representation and so by Schur’s Lemma must be a
multiple of the identity i.e. γD = a
−1I where a is a constant. Multiplying both sides by
γD−1 we find the result
γD−1 = aγ0γ1 . . . γD−2 = aγ01...D−2 (1.4.2)
Using equation (1.3.11), we conclude that (γ01...D−2)
2 = −(−1) (D−1)2 as the matrix γ01...D−2
is the same as that denoted by γD+1 for the even-dimensional space-time with one dimen-
sion lower. However, as γ2D−1 = +1 we must conclude that a = ±1 for D = 3 mod 4 and
a = ±i for D = 5 mod 4. The γm; m = 0, 1, . . . , D− 2 generate an even-dimensional Clif-
ford algebra and we recall that the corresponding subgroup CD−1 has a unique irreducible
representation of dimension greater than one, the dimension being 2
(D−1)
2 . It follows that
the two irreducible representations for D odd which have dimension greater than one must
coincide with this irreducible representation when restricted to CD−1. Hence, the two
inequivalent irreducible representations for D odd are generated by the unique irreducible
representation for the γm, m = 0, 1, . . . , D − 2, with the remaining γ-matrix being given
by γD−1 = aγ0γ1 . . . γD−2. The two possible choices of a, given above, corresponding
to the two inequivalent irreducible representations. Clearly, these two inequivalent irre-
ducible representations both have dimension 2
(D−1)
2 as this is the dimension of the unique
irreducible representation with dimension greater than one in the space-time with one di-
mension less. We can check that this is consistent with the relationship between the order,
2D+1, of the group and the sum of the dimension squared of all irreducible representations.
The latter is given by 12.2D + (2
(D−1)
2 )2 + (2
((D−1)
2 )
2
= 2D+1 as required.
We now extend the complex conjugation and transpose properties discussed previously
for even-dimensional space-time to the case of an odd-dimensional space-time. Clearly,
for the matrices γm, m = 0, 1, . . . , D − 2, these properties are the same and are given
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in equations (2.1.5) and (2.1.8). It only remains to consider γD−1 = aγ0γ1 . . . γD−2 ≡
aγ01...D−2. It follows from the previous section that
γ∗01...D−2 = Bγ01...D−2B
−1 (1.4.3)
and
Cγ01...D−2C
−1 = (−1) (D−1)2 γT01...D−2 (1.4.4)
We may also write this last equation as
Cγ01...D−2 = −ǫ(−1)
(D−1)
2 (Cγ01...D−2)
T
(1.4.5)
as CT = −ǫC. Taking into account the different possible values of a discussed above we
conclude that
γ∗D−1 = −(−1)
(D−1)
2 BγD−1B
−1 (1.4.6)
and
γTD−1 = (−1)
(D−1)
2 CγD−1C
−1 (1.4.7)
As we did for the even-dimensional case we can adopt the choice C = BTγ0, whereupon we
find that γ†D−1 = γ
0γD−1γ
0. The representation is automatically unitary as a consequence
of being unitary on the CD−1 subgroup.
For D = 3 mod 4 γD−1 has the same relationships under complex conjugation and
transpose as do the γm, m = 0, 1, . . . , D − 2 and as a result for D = 3 mod 4
(Cγm1...mp)
T
= ǫ(−1) (p−1)(p−2)2 (Cγm1...mp) m1, . . . , mp = 0, . . . , D − 1 (1.4.8)
For D = 5 mod 4, we get an additional minus sign in this relationship if one of the
m1, . . . , mp takes the value D − 1.
Let us now consider which types of spinors can exist in odd dimensional space-times.
Clearly in odd-dimensional space-times the Weyl condition is not a Lorentz invariant con-
dition and so one cannot define such spinors. However, we can ask which odd-dimensional
space-times have Majorana spinors, which we take to be defined by χ∗ = Bχ. Since
either of the two inequivalent irreducible representations coincides with the unique ir-
reducible representation of dimension greater than one when restricted to the subgroup
CD−1, the matrix B is the same as in the even-dimensional case. It follows that we require
ǫ = +1 which is the case for D=3,5 mod 8. We must, however, verify that the Majo-
rana condition is preserved by all Lorentz transformations. Those that are generated by
1
2γmn, m, n = 0, 1 . . . , D − 2 are guaranteed to work; however, carrying out the Lorentz
transformation δχ = 14γmD−1χ,m = 0, 1 . . . , D − 2 we find it preserves the Majorana
constraint only if D = 3 mod 4. Hence, Majorana spinors exist in odd D-dimensional
space-time if D = 3 mod 8. We note that these odd dimensions are precisely one dimen-
sion higher than those where Majorana-Weyl spinors exist. This is not a coincidence as
the reduction of a Majorana spinor in D = 3 mod 8 dimensions leads to two Majorana
Weyl spinors of opposite chirality and, since the resulting matrix γD+1, is real we may
Weyl project to find a Majorana-Weyl spinor.
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1.5 Central Charges
One important application of the above theory is to find what central charges can
appear in a supersymmetry algebra. That is what generators can appear in the anti-
commutator {Qα, Qβ} where Qα is the generator of supersymmetry transformations. As
we shall see, the result depends on the dimension of space-time and on whether the spinor
Qα is Weyl or Majorana-Weyl. To begin with we take the dimension of space-time to be
even.
The right-hand side of the anti-commutator of the supercharges takes the form [117]
{Qα, Qβ} = (γmC−1)αβPm +
∑
(γm1...mpC
−1)αβZ
m1...mp (1.5.1)
where Zm1...mp are the central charges and Pm is the generator of translations. The sum
is over all possible central terms. Clearly, the matrix (γm1...mpC
−1)αβ must be symmetric
in α, β. Examining equation (1.2.17) we find that this will be the case if
ǫ(−1)
(p−1)(p−2)
2 = 1 (1.5.2)
For D = 2, 4; mod 8, ǫ = 1 and so we find central charges for p = 1, 2; mod 4. In these
dimensions we can define Majorana spinors and adopting this constraint still allows these
central charge although the Majorana condition will place reality conditions on them. For
D = 6, 8; mod 8 ǫ = −1 and so we find central charges of rank p for p = 3, 4 mod 4.
Let us now consider the case when the spinors areWeyl spinors that is satisfy (P±Q)α =
0. in this case we must modify the terms on the right hand-side of the anti-commutator
to be given by
{Qα, Qβ} = (γm1...mpP±C−1)αβZm1...mp (1.5.3)
In this case (γm1...mpC
−1)αβ and (γm1...mpγ
D+1C−1)αβ must be symmetric. However, the
latter matrix is equal to ǫ times (γm1...mD−pC
−1)αβ. Hence central charges of rank p are
possible if p = 1, 2; mod 4 and D − p = 1, 2; mod 4.
Finally, we can consider Majorana-Weyl spinors which only exist in D = 2 mod 8. In
this case we have the condition on p of the Weyl case above, which must be taken with
D = 2 + 8n,for n ∈ Z, allows only central charges of rank p = 1 mod 4. An example of
this latter case is provided by N = 1 D = 10 which, if we take Majorana-Weyl spinors, is
the algebra that underlies the N = 1 Yang-Mills theory and the type I supergravity theory
that exists in ten dimensions. The algebra is then given by
{Qα, Qβ} = (γmP±C−1)αβPm+(γm1...m5P±C−1)αβZm1...m5+(γm1...m9P±C−1)αβZm1...m9
(1.5.4)
Clearly Pm is the usual generator of translations.
The above discussion can be generalised to the case of odd-dimensional space-times
although in this case we do not have Weyl spinors. For the case of D = 3 mod 4, γD−1
behaves exactly like the other γ-matrices under complex conjugation and transpose and
as a result we find from equation (1.4.8) precisely the same condition for the existence
of central charges i.e. equation (1.5.2) with the value of ǫ being the same as that in one
14
dimension less. The case of D = 5 mod 4 can be deduced in a similar way by taking into
account the discussion below equation (1.4.8).
A very important example is the supersymmetry algebra in eleven dimensions for
Majorana supercharges. This algebra underlies the supergravity theory in this dimension.
For this algebra we can have central charges of rank p with p = 1, 2; mod 4 and so the
supersymmetry algebra takes the form [117].
{Qα, Qβ} = (γmC−1)αβPm + (ΓmnC−1)αβZmn + (ΓmnpqrC−1)αβZmnpqr (1.5.5)
We need only go up to rank five thanks to the identity
ǫm1...mpmp+1...mD−1γnp+1...nD−1 ∝ γm1...mp
which is true in all odd-dimensional spaces.
To find the possible central charges is the obvious part of constructing the super-
symmetry algebra we must also find their relations with the rest of the generators of the
algebra. This involves enforcing the super Jacobi identities as explained in the next section.
It is straightforward to extend the discussion to supersymmetry algebras which contain
supersymmetry generators Qiα that carry a representation of an internal algebra. The anti-
commutator {Qiα, Qjβ} is now symmetric under interchange in α, i and β, j.
For an account of Clifford algebras and spinors in non-Lorentzian space-times the
reader is encouraged to consult reference [102].
2 The Supersymmetry Algebra in Four dimensions
The starting point for the construction of any supersymmetric theory which is invari-
ant under either rigid or local supersymmetry is the supersymmetry algebra which underlies
it. In section this section we demonstate how to systematically construct supersymmetry
algebras from some very mild assumptions.
Supersymmetry algebras contain generators, called supercharges, that are Grassmann
odd, transform under the Lorentz group as spinors and obey anti-commutation relations.
It is a remarkable fact that supersymmetric algebras can be constructed from very little
information. We must specify the spinorial character of the supercharges and what space-
time Lie algebra is contained in the supersymmetry algebra. In section one, we deduced the
possible spinors that can exist in a given dimension and we will see that the different choices
lead to different superysymmetry algebras. The most important of the space-time Lie
subalgebras is the Poincare algebra, but other possible choices include the de-Sitter algebra
or the conformal algebra. Given a choice of the spinorial character of the supercharges and
the space-time Lie subalgebra, the deduction of the corresponding supersymmetry algebra
relies on a generalisation of the Jacobi identites that occur in Lie algebras.
In this section, we show how to systematically construct the supersymmetry algebras
in four dimensions. In particular, we demonstrate how to construct all supersymmetry
algebras that contain the Poincare´ Lie algebra. We also state the supersymmetry algebras
that contain the conformal and de Sitter Lie algebras. The generalisation to the sytematic
construction of supersymmetry algebras in higher dimensions is straightforward. The only
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difference is that the no-go theorem must be used with more caution as its proof contains
a number of assumptions that are not valid for higher-dimensional theories.
This material is essentially the same as that given in reference [0] and we have kept
the same equation numbers as in that reference. We thank World Scientific publishing for
their kind permission to reproduce this material.
In the 1960’s, with the growing awareness of the significance of internal symmetries
such as SU(2) and larger groups, physicists attempted to find a symmetry which would
combine in a non-trivial way the space-time Poincare´ group with an internal symmetry
group. After much effort it was shown that such an attempt was impossible within the
context of a Lie group. Coleman and Mandula4 showed on very general assumptions that
any Lie group which contained the Poincare´ group P , whose generators Pa and Jab satisfy
the relations
[Pa, Pb] = 0
[Pa, Jbc] = (ηabPc − ηacPb)
[Jab, Jcd] = −(ηacJbd + ηbdJac − ηadJbc − ηbcJad) (2.1)
and an internal symmetry group G with generators Ts such that
[Tr, Ts] = frstTt (2.2)
must be a direct product of P and G; or in other words
[Pa, Ts] = 0 = [Jab, Ts] (2.3)
They also showed that G must be of the form of a semisimple group with additional U(1)
groups.
It is worthwhile to make some remarks concerning the status of this no-go theorem.
Clearly there are Lie groups that contain the Poincare´ group and internal symmetry groups
in a non-trivial manner; however, the theorem states that these groups lead to trivial
physics. Consider, for example, two-body scattering; once we have imposed conservation
of angular momentum and momentum the scattering angle is the only unknown quantity.
If there were a Lie group that had a non-trivial mixing with the Poincare´ group then there
would be further generators associated with space-time. The resulting conservation laws
will further constrain, for example, two-body scattering, and so the scattering angle can
only take on discrete values. However, the scattering process is expected to be analytic in
the scattering angle, θ, and hence we must conclude that the process does not depend on
θ at all.
Essentially the theorem shows that if one used a Lie group that contained an internal
group which mixed in a non-trivial manner with the Poincare´ group then the S-matrix for
all processes would be zero. The theorem assumes among other things, that the S-matrix
exists and is non-trivial, the vacuum is non-degenerate and that there are no massless
particles. It is important to realise that the theorem only applies to symmetries that act
on S-matrix elements and not on all the other many symmetries that occur in quantum
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field theory. Indeed it is not uncommon to find examples of the latter symmetries. Of
course, no-go theorems are only as strong as the assumptions required to prove them.
In a remarkable paper Gol’fand and Likhtman1 showed that provided one generalised
the concept of a Lie group one could indeed find a symmetry that included the Poincare´
group and an internal symmetry group in a non-trivial way. In this section we will discuss
this approach to the supersymmetry group; having adopted a more general notion of a
group, we will show that one is led, with the aid of the Coleman-Mandula theorem, and a
few assumptions, to the known supersymmetry group. Since the structure of a Lie group,
at least in some local region of the identity, is determined entirely by its Lie algebra, it is
necessary to adopt a more general notion than a Lie algebra. The vital step in discovering
the supersymmetry algebra is to introduce generators Qiα, which satisfy anti-commutation
relations, i.e.
{Qiα, Qjβ} = QiαQjβ +QjβQiα
= some other generator (2.4)
The significance of the i and α indices will become apparent shortly. Let us therefore
assume that the supersymmetry group involves generators Pa, Jab, Ts and possibly some
other generators which satisfy commutation relations, as well as the generators Qiα (i =
1, 2, . . . , N). We will call the former generators which satisfy Eqs. (2.1), (2.2) and (2.3)
even and those satisfying Eq. (2.4) odd generators.
Having let the genie out of the bottle we promptly replace the stopper and demand
that the supersymmetry algebras have a Z2 graded structure. This simply means that the
even and odd generators must satisfy the rules:
[even, even] = even
{odd, odd} = even
[even, odd] = odd (2.5)
We must still have the relations
[Pa, Ts] = 0 = [Jab, Ts] (2.6)
since the even (bosonic) subgroup must obey the Coleman-Mandula theorem.
Let us now investigate the commutator between Jab and Q
i
α. As a result of Eq.(2.5)
it must be of the form
[Qiα, Jab] = (bab)
β
αQ
i
β (2.7)
since by definition the Qiα are the only odd generators. We take the α indices to be those
rotated by Jab. As in a Lie algebra we have some generalised Jacobi identities. If we
denote an even generator by B and an odd generator by F , we find that[
[B1, B2], B3
]
+
[
[B3, B1], B2
]
+
[
[B2, B3], B1
]
= 0[
[B1, B2], F3
]
+
[
[F3, B1], B2
]
+
[
[B2, F3], B1
]
= 0
{[B1, F2], F3}+ {[B1, F3], F2}+ [{F2, F3}, B1] = 0
[{F1, F2}, F3] + [{F1, F3}, F2] + [{F2, F3}, F1] = 0 (2.8)
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The reader may verify, by expanding each bracket, that these relations are indeed identi-
cally true.
The identity
[
[Jab, Jcd], Q
i
α
]
+
[
[Qiα, Jab], Jcd
]
+
[
[Jcd, Q
i
α], Jab
]
= 0 (2.9)
upon use of Eq. (2.7) implies that
[bab, bcd]
β
α = −ηac(bbd)βα − ηbd(bac)βα + ηad(bbc)βα + ηbc(bad)βα (2.10)
This means that the (bcd)
β
α form a representation of the Lorentz algebra or in other words
that the Qiα carry a representation of the Lorentz group. We will select Q
i
α to be in the
(0, 12)⊕ ( 12 , 0) representation of the Lorentz group, i.e.
[Qiα, Jab] =
1
2
(σab)
β
αQ
i
β (2.11)
We can choose Qiα to be a Majorana spinor, i.e.
Qiα = CαβQ¯
βi (2.12)
where Cαβ = −Cβα is the charge conjugation matrix (see Appendix A). This does not rep-
resent a loss of generality since, if the algebra admits complex conjugation as an involution
we can always redefine the supercharges so as to satisfy (2.12) (see Note 1 at the end of
this chapter).
The above calculation reflects the more general result that the Qiα must belong to a
realization of the even (bosonic) subalgebras of the supersymmetry group. This is a simple
consequence of demanding that the algebra be Z2 graded. The commutator of any even
generator B1, with Q
i
α is of the form
[Qiα, B1] = (h1)
iβ
αjQ
j
β (2.13)
The generalised Jacobi identity
[
[Qiα, B1], B2
]
+
[
[B1, B2], Q
i
α
]
+
[
[B2, Q
i
α], B1
]
= 0 (2.14)
implies that
[h1, h2]
iβ
αjQ
j
β =
[
Qiα[B1, B2]
]
(2.15)
or in other words the matrices h represent the Lie algebra of the even generators.
The above remarks imply that
[Qiα, Tr] = (lr)
i
jQ
j
α + (tr)
i
j(iγ5)
β
αQ
j
β (2.16)
where (lr)
i
j + iγ5(tr)
i
j represent the Lie algebra of the internal symmetry group. This
results from the fact that δαβ and (γ5)
β
α are the only invariant tensors which are scalar and
pseudoscalar.
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The remaining odd-even commutator is [Qiα, Pa]. A possibility that is allowed by the
generalised Jacobi identities that involve the internal symmetry group and the Lorentz
group is
[Qiα, Pa] = c(γa)
β
αQ
i
β (2.17)
However, the
[
[Qiα, Pa], Pb
]
+ . . . identity implies that the constant c = 0, i.e.
[Qiα, Pa] = 0 (2.18)
More generally we could have considered (cγa+ dγaγ5)Q, on the right-hand side of (2.17);
however the above Jacobi identity and the Majorana condition imply that c = d = 0. (See
Note 2 at the end of this chapter). Let us finally consider the {Qiα, Qjβ} anticommutator.
This object must be composed of even generators and must be symmetric under interchange
of α ↔ β and i ↔ j. The even generators are those of the Poincare´ group, the internal
symmetry group and other even generators which, from the Coleman-Mandula theorem,
commute with the Poincare´ group, i.e. they are scalar and pseudoscalar. Hence the most
general possibility is of the form
{Qiα, Qjβ} = r(γaC)αβPaδij + s(σabC)αβJabδij + CαβU ij + (γ5C)αβV ij (2.19)
We have not included a (γbγ5C)αβL
ij
b term as the (Q,Q, Jab) Jacobi identity implies that
Lijb mixes nontrivially with the Poincare´ group and so is excluded by the no-go theorem.
The fact that we have only used numerically invariant tensors under the Poincare´
group is a consequence of the generalised Jacobi identities between two odd and one even
generators.
To illustrate the argument more clearly, let us temporarily specialise to the case N = 1
where there is only one supercharge Qα. Equation (2.19) then reads
{Qα, Qβ} = r(γaC)αβPa + s(σabC)αβJab.
Using the Jacobi identity
{[Pa, Qα], Qβ}+ {[Pa, Qβ], Qα}+ [{Qα, Qβ}, Pa] = 0,
we find that
0 = s(σcdC)αβ[Jcd, Pa] = s(σ
cdC)αβ(−ηacPd + ηadPc),
and, consequently, s = 0. We are free to scale the generator Pa in order to bring r = 2.
Let us now consider the commutator of the generator of the internal group and the
supercharge. For only one supercharge, Eq. (2.16) reduces to
[Qα, Tr] = lrQα + i(γ5)
β
αtrQβ .
Taking the adjoint of this equation, multiplying by (iγ0) and using the definition of the
Dirac conjugate given in Appendix A, we find that
[Q¯α, Tr] = l
∗
rQ¯
α + Q¯β(it∗r)(γ5)
α
β .
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Multiplying by Cγα and using Eq. (2.12), we arrive at the equation
[Qα, Tr] = l
∗
rQα + it
∗
r(γ5)
β
αQβ.
Comparing this equation with the one we started from, we therefore conclude that
l∗r = lr, t
∗
r = tr.
The Jacobi identity
[{Qα, Qβ}, Tr] +
[
[Tr, Qα], Qβ
]
+
[
[Tr, Qβ], Qα
]
= 0
results in the equation
[0 +
(
lrδ
γ
α + itr(γ5)α
γ
)
2(γaC)γβPa] + (α ↔ β) =
2Pa{lr(γaC)αβ + itr(γ5γaC)αβ}+ (α ↔ β) = 0.
Since (γaC)αβ and (γ5γaC)αβ are symmetric and antisymmetric in α, β respectively, we
conclude that lr = 0 but tr has no constant placed on it. Consequently, we find that we
have only one internal generator R and we may scale it such that
[Qα, R] = i(γ5)
β
αQβ.
The N = 1 supersymmetry algebra is summarised in Eq. (2.27).
Let us now return to the extend supersymmetry algebra. The even generators U ij =
−U ji and V ij = −V ji are called central charges5 and are often also denoted by Z. It
is a consequence of the generalised Jacobi identities
(
(Q,Q,Q) and (Q,Q, Z)
)
that they
commute with all other generators including themselves, i.e.
[U ij, anything] = 0 = [V ij , anything] (2.20)
We note that the Coleman-Mandula theorem allowed a semi-simple group plus U(1) factors.
The details of the calculation are given in note 5 at the end of the chapter. Their role in
supersymmetric theories will emerge in later chapters.
In general, we should write, on the right-hand side of (2.19),
(γaC)αβω
ijPa + . . . ,
where ωij is an arbitrary real symmetric matrix. However, one can show that it is possible
to redefine (rotate and rescale) the supercharges, whilst preserving the Majorana condition,
in such a way as to bring ωij to the form ωij = rδij (see Note 3 at the end of this chapter).
The [Pa, {Qiα, Qjβ}]+. . . = 0 identity implies that s = 0 and we can normalise Pa by setting
r = 2 yielding the final result
{Qiα, Qjβ} = 2(γaC)αβδijP a + CαβU ij + (γ5C)αβV ij (2.21)
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In any case r and s have different dimensions and so it would require the introduction of
a parameter with a non-zero dimension in order that they were both non-zero.
Had we chosen another irreducible Lorentz representation for Qiα other than (j +
1
2
, j)⊕ (j, j + 1
2
) we would not have been able to put Pa, i.e. a (
1
2
, 1
2
) representation, on
the right-hand side of Eq. (2.21). The simplest choice is (0, 12)⊕ ( 12 , 0). In fact this is the
only possible choice (see Note 4).
Finally, we must discuss the constraints placed on the internal symmetry group by
the generalised Jacobi identity. This discussion is complicated by the particular way the
Majorana constraint of Eq. (2.12) is written. A two-component version of this constraint
is
Q¯A˙i = (Q
i
A)
∗; A, A˙ = 1, 2 (2.22)
(see Appendix A for two-component notation). Equation (2.19) and (2.16) then become
{QiA, Q¯B˙j} = −2i(σa)AB˙δijPa
{QiA, QjB} = εAB(U ij + iV ij)
[QiA, Jab] = +
1
2
(σab)
B
AQ
i
B (2.23)
and
[QiA, Tr] = (lr + itr)
i
jQ
j
A (2.24)
Taking the complex conjugate of the last equation and using the Majorana condition we
find that
[QA˙i, Tr] = QA˙k(U
†
r )
k
i (2.25)
where (Ur)
i
j = (lr+itr)
i
j . The (Q, Q¯, T ) Jacobi identity then implies that δ
i
j be an invariant
tensor of G, i.e.
Ur + U
†
r = 0 (2.26)
Hence Ur is an anti-Hermitian matrix and so represents the generators of the unitary group
U(N). However, taking account of the central charge terms in the (Q,Q, T ) Jacobi identity
one finds that there is for every central charge an invariant antisymmetric tensor of the
internal group and so the possible internal symmetry group is further reduced. If there is
only one central charge, the internal group is Sp(N) while if there are no central charges
it is U(N).
To summarise, once we have adopted the rule that the algebra be Z2 graded and
contain the Poincare´ group and an internal symmetry group then the generalised Jacobi
identities place very strong constraints on any possible algebra. In fact, once one makes
the further assumption that Qiα are spinors under the Lorentz group then the algebra is
determined to be of the form of equations (2.1), (2.6), (2.11), (2.16), (2.18) and (2.21).
The simplest algebra is for N = 1 and takes the form
{Qα, Qβ} = 2(γaC)αβP a
[Qα, Pa] = 0
[Qα, Jcd] =
1
2
(σcd)
β
αQβ
[Qα, R] = i(γ5)
β
αQβ (2.27)
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as well as the commutation relations of the Poincare´ group. We note that there are no
central charges (i.e. U11 = V 11 = 0), and the internal symmetry group becomes just a
chiral rotation with generator R.
We now wish to prove three of the statements above. This is done here rather than
in the above text, in order that the main line of argument should not become obscured by
technical points. These points are best clarified in two-component notation.
Note 1: Suppose we have an algebra that admits a complex conjugation as an
involution; for the supercharges this means that
(QiA)
∗ = b ji QA˙j ; (QA˙j)
∗ = djkQ
k
A
There is no mixing of the Lorentz indices since (QiA)
∗ transforms like QA˙i, namely in
the (0, 12 ) representation of the Lorentz group, and not like Q
i
A which is in the (
1
2 , 0)
representation. The lowering of the i index under ∗ is at this point purely a notational
device. Two successive ∗ operations yield the unit operation and this implies that
(b ji )
∗djk = δ
i
k (2.28)
and in particular that b ji is an invertible matrix. We now make the redefinitions
Q′
i
A = Q
i
A, Q
′
A˙i = b
j
i QA˙j (2.29)
Taking the complex conjugate of Q′Ai, we find
(Q′
i
A)
∗ = (QiA)
∗ = b ji QA˙j = Q
′
A˙j
while
(Q′A˙i)
∗ = (b ji )
∗(QA˙j)
∗ = (b ji )
∗djkQ
k
A = Q
i
A (2.30)
using Eq. (2.28).
Thus the Q′
i
A satisfy the Majorana condition, as required. If the Q’s do not initially
satisfy the Majorana condition, we may simply redefine them so that they do.
Note 2: Suppose the [QA, Pa] commutator were of the form
[QA, Pa] = e(σa)AB˙Q
B˙ (2.31)
where e is a complex number and for simplicity we have suppressed the i index. Taking
the complex conjugate (see Appendix A), we find that
[QA˙, Pa] = −e∗(σa)BA˙QB (2.32)
Consideration of the
[
[QA, Pa], Pb
]
+ . . . = 0 Jacobi identity yields the result
−|e|2(σa)AB˙(σb)CB˙ − (a ↔ b) = 0 (2.33)
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Consequently e = 0 and we recover the result
[QA, Pa] = 0 (2.34)
Note 3: The most general form of the QAi, QB˙j anticommutator is
{QAi, QB˙j } = −2iU ij (σm)AB˙Pm + terms involving other Dirac matrices (2.35)
Taking the complex conjugate of this equation and comparing it with itself, we find that
U is a Hermitian matrix
(U ij)
∗ = U ji (2.36)
We now make a field redefinition of the supercharge
Q′
Ai
= BijQ
Aj (2.37)
and its complex conjugate
Q′
A˙
i = (B
i
j)
∗QA˙j (2.38)
Upon making this redefinition in Eq. (2.35), the U matrix becomes replaced by
U ′
i
j = B
i
kU
k
l (B
j
l )
∗ or U ′ = BUB† (2.39)
Since U is a Hermitian matrix, we may diagonalise it in the form ciδ
i
j using a unitarity
matrix B. We note that this preserves the Majorana condition on QAi. Finally, we may
scale Qi → (1/√ci)Qi to bring U to the form U = diδij , where di = ±1. In fact, taking
A = B = 1 and i = j = k, we realise that the right-hand side of Eq. (2.35) is a positive-
definite operator and since the energy −iP0 is assumed positive definite, we can only find
di = +1. The final result is
{QAi, QB˙j } = −2iδij(σm)AB˙Pm (2.40)
Note 4: Let us suppose that the supercharge Q contains an irreducible representa-
tion of the Lorentz group other than (0, 12 )⊕( 12 , 0), say, the representation QA1...An,B˙1...B˙m
where the A and B indices are understood to be separately symmetrised and n + m is
odd in order that Q be odd and n+m > 1. By projecting the {Q,Q†} anti-commutator
we may find the anti-commutator involving QA1...An,B˙1...B˙m and its Hermitian conjugate.
Let us consider in particular the anti-commutator involving Q = Q11...1,1˙1˙...1˙, this must
result in an object of spin n+m > 1. However, by the Coleman-Mandula no-go theorem
no such generator can occur in the algebra and so the anti-commutator must vanish, i.e.
QQ† +Q†Q = 0.
Assuming the space on which Q acts has a positive definite norm, one such example
being the space of on-shell states, we must conclude thatQ vanishes. However ifQ11...1,1˙1˙...1˙
vanishes, so must QA1...An,B˙1...B˙m by its Lorentz properties, and we are left only with the
(0, 12)⊕ ( 12 , 0) representation.
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Note 5: We now return to the proof of equation (2.20). Using the (Q,Q,Z) Jocobi
identity it is straightforward to show that the supercharge Q commutes with the central
charges Z. The (Q,Q,U) Jacobi identity then implies that the central charges commute
with themselves. Finally, one considers the (Q,Q, Tr) Jacobi identity, which shows that the
commutator of Tr and Z takes the generic form [Tr, Z] = . . . Z. However, the generators
Tr and Z form the internal symmetry group of the supersymmetry algebra and from the
no-go theorem we know that this group must be a semisimple Lie group times U(1) factors.
We recall that a semisimple Lie group is one that has no normal Abelian subgoups other
that the group itself and the identity element. As such, we must conclude that Tr and Z
commute, and hence our final result that the central charges commute with all generators,
that is they really are central.
Although the above discussion started with the Poincare´ group, one could equally well
have started with the conformal or (anti-) de Sitter groups and obtained the superconfor-
mal and super (anti-)de Sitter algebras. For completeness, we now list these algebras.
The superconformal algebra which has the generators Pn, Jmn, D,Kn, A,Q
αi, Sαi and the
internal symmetry generators Tr and A is given by the Lorentz group plus:
[Jmn, Pk] = ηnkPm − ηmkPn
[Jmn, Kk] = ηnkKm − ηmkKn
[D,PK ] = −PK , [D,KK ] = +KK
[Pm, Kn] = −2Jmn + 2ηmnD [Kn, Km] = 0, [Pn, Pm] = 0
[Qiα, Jmn] =
1
2
(γmn)
β
αQ
i
β, [S
i
α, Jmn] =
1
2
(γmn)
β
αS
βi
{Qiα, Qjβ} = −2(γnC−1)αβPnδij
{Siα, Sjβ} = +2(γnC−1)αβKnδij
[Qiα, D] =
1
2
Qiα, [S
i
α, D] = −
1
2
Siα
[Qiα, Kn] = −(γn)βαSiβ , [Siα, Pn] = (γn)βαQiβ
[Qiα, Tr] =
(
δβα(τr1)
i
j + (γ5)
β
α(τr2)
i
j
)
Qjβ
[Siα, Tr] =
(
δβα(τr1)
i
j − (γ5)βα(τr2)ij
)
Qjβ
[Qiα, A] = −i(γ5)βαQiβ
(
4−N
4N
)
[Siα, A] =
4−N
4N
i(γ5)
β
αS
i
β
{Qiα, Sjβ} = −2(C−1αβ )Dδij + (γmnC−1)αβJmnδij + 4i(γ5C−1αβ )Aδij
− 2(τr1)ij(C−1)αβ +
(
(τr2)
ij(γ5C
−1)αβ
)
Tr (2.41)
The Tr and A generate U(N), and τ1 + γ5τ2 are in the fundamental representation of
SU(N).
The case of N = 4 is singular and one can have either
[Qiα, A] = 0 or [Q
i
α, A] = −i(γ5)βαQiβ
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and similarly for Siα and A. One may verify that both possibilities are allowed by the
N = 4 Jacobi identities and so form acceptable superalgebras.
The anti-de Sitter superalgebra has generators Mmn, Tij = −Tji and Qαi, and is
given by
[Mmn,Mpq] = ηnpMmq + 3 terms
[Mmn, Tij ] = 0 [Q
i
α,Mmn] =
1
2
(γmn)
β
α Q
i
β
[Qiα, T
jk] = −2i(δijQkα − δikQjα)
{Qiα, Qjβ} = δij(γmnC−1)αβiMmn + (C−1)αβT ij
[T ij , T kl] = −2i(δjkT il + 3 terms) (2.42)
3. Irreducible Representations of Four-Dimensional Supersymmetry
It is a relatively straightforward proceedure to find the irreducible representations of
any supersymmetry algebra. These representations tell us which supersymmetric theories
are possible for a given supersymmetry algebra. To be precise, they provide a list of all
the particles that occur in each of the theories that have a given supersymmetric algebra
as a symmetry. In this section, we carry out this proceedure for the four-dimensional
supersymmetry algebras. Using a very similar procedure one can find the irreducible
representations of the supersymmetry algebras in other dimensions. The reader is referred
to reference [160] where this is procedure is sketched in an arbitary dimension and where
lists of irreducible representations are given.
One of the most interesting features of the construction of these irreducible representa-
tions is when the central charges of the supersymmetry algebra are non-trivial. In this case,
and when the central charges take particular values, the massive representations contain
many fewer states that those contained in the generic massive representation. When this
occurs the states in the representation are called BPS states and they play an important
role in discussions of string duality.
The first part of this section is taken from reference [0] and we have kept the equation
numbers the same as in that reference.
In this chapter we wish to find the irreducible representations of supersymmetry [11],
or, put another way, we want to know what is the possible particle content of supersym-
metric theories. As is well known the irreducible representations of the Poincare´ group
are found by the Wigner method of induced representations [12]. This method consists
of finding a representation of a subgroup of the Poincare´ group and boosting it up to a
representation of the full group. In practice, one adopts the following recipe: we choose a
given momentum qµ which satisfies qµqµ = 0 or q
µqµ = −m2 depending which case we are
considering. We find the subgroup H which leaves qµ intact and find a representation of H
on the |qµ〉 states. We then induce this representation to the whole of the Poincare´ group
P , in the usual way. In this construction there is a one-to-one correspondence between
points of P/H and four-momentum which satisfies PµP
µ = 0 or PµP
µ = −m2. One can
show that the result is independent of the choice of momentum qµ one starts with.
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In what follows we will not discuss the irreducible representations in general, but only
that part applicable to the rest frame, i.e. the representations of H in the states at rest.
We can do this safely in the knowledge that once the representation of H on the rest-frame
states is known then the representation of P is uniquely given and that every irreducible
representation of the Poincare´ group can be obtained by considering every irreducible
representation of H.
In terms of physics, the procedure has a simple interpretation, namely, the properties
of a particle are determined entirely by its behaviour in a given frame (i.e. for given qµ).
The general behaviour is obtained from the given qµ by boosting either the observer or
the frame with momentum qµ to one with arbitrary momentum.
The procedure outlined above for the Poincare´ group can be generalised to any group
of the form S ⊗s T where the symbol ⊗s denotes the semi-direct product of the groups
S and T where T is Abelian. It also applies to the supersymmetry group and we shall
take it for granted that the above recipe is the correct procedure and does in fact yield all
irreducible representations of the supersymmetry group.
Let us first consider the massless case qµq
µ = 0, for which we choose the standard
momentum qµs = (m, 0, 0, m) for our ”rest frame”. We must now find H whose group
elements leave qµs = (m, 0, 0, m) intact. Clearly this contains Q
i
α, Pµ and Ts, since these
generators all commute with Pµ and so rotate the states with q
µ
s into themselves. As we
will see in the last section one can not have non-vanishing central charges for the massless
case.
Under the Lorentz group the action of the generator 12Λ
µνJµν creates an infinitesimal
transformation qµ → Λµνqν + qµ. Hence qµs is left invariant provided the parameters obey
the relations
Λ30 = 0, Λ10 + Λ13 = 0, Λ20 +Λ23 = 0 (8.1)
Thus the Lorentz generators in H are
T1 = J10 + J13, T2 = J20 + J23, J = J12 (8.2)
These generators form the algebra
[T1, J ] = −T2
[T2, J ] = +T1
[T1, T2] = 0 (8.3)
The reader will recognise this to be the Lie algebra of E2, the group of translations and
rotations in a two-dimensional plane.
Now the only unitary representations of E2 which are finite dimensional have T1 and
T2 trivially realised, i.e.
T1|qµs 〉 = T2|qµs 〉 = 0 (8.4)
This results from the theorem that all non-trivial unitary representations of noncompact
groups are infinite-dimensional. We will assume we require finite-dimensional representa-
tions of H.
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Hence for the Poincare´ group, in the case of massless particles, finding representations
of H results in finding representations of E2 and consequently for the generator J alone.
We choose our states so that
J |λ〉 = iλ|λ〉 (8.5)
Our generators are anti-Hermitian. In fact, J is the helicity operator and we select λ to be
integer or half-integer (i.e. J = q ·J/|q| evaluated at q = (0, 0, m) where Ji = εijkJjk, i, j =
1, 2, 3).
Let us now consider the action of the supercharges Qiα on the rest-frame states, |qµs 〉.
The calculation is easiest when performed using the two-component formulation of the
supersymmetry algebra of Eq. (2.23). On rest-frame states we find that
{QAi, QB˙j } = −2δij(σµ)AB˙qµs
= −2δij(σ0 + σ3)AB˙m = +4mδij
(
0 0
0 1
)AB˙
(8.6)
In particular these imply the relations
{Q1i, Q1˙j} = 0
{Q2i, Q2˙j} = 4mδij
{Qii, Q2j} = {Q1i , Q2˙j} = 0(8.7)
The first relation implies that
〈qµs |
(
Q1i(Q1i)∗ + (Q1i)∗Q1i
)|qµs 〉 = 0 (8.8)
Demanding that the norm on physical states be positive definite and vanishes only if the
state vanishes, yields
Qi2|qµs 〉 = Q2˙i|qµs 〉 = 0 (8.9)
Hence, all generators in H have zero action on rest-frame states except J, Ts, Pµ, Q
i
1 and
Q1˙i. Using Eq. (2.23) we find that
[Qi1, J ] =
1
2
(σ12)
1
1Q
i
1
= − i
2
Qi1 (8.10)
Similarly, we find that complex conjugation implies
[(Qi1)
∗, J ] = +
i
2
(Qi1)
∗ (8.11)
The relations between the remaining generators summarised in Eqs. (8.7), (8.10), (8.11)
and (2.24) can be summarised by the statement that Qi1 and (Q
i
1)
∗ form a Clifford algebra,
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act as raising and lowering operators for the helicity operator J and transform under the
N and N¯ representation of SU(N).
We find the representations of this algebra in the usual way; we choose a state of given
helicity, say λ, and let it be the vacuum state for the operator (Qi1)
∗, i.e.
Qi1|λ〉 = 0
J |λ〉 = iλ|λ〉 (8.12)
The states of this representation are then
|λ〉 = |λ〉
|λ− 1
2
, i〉 = (Qi1)∗|λ〉
|λ− 1, [ij]〉 = (Qi1)∗(Qj1)∗|λ〉 (8.13)
etc. These states have the helicities indicated and belong to the [ijk . . .] anti-symmetric
representation of SU(N). The series will terminate after the helicity λ − (N/2), as the
next state will be an object antisymmetric in N +1 indices. Since there are only N labels,
this object vanishes identically. The states have helicities from λ to λ− (N/2), there being
N !/
(
m!(N −m)!) states with helicity λ− (m/2).
To obtain a set of states which represent particles of both helicities we must add to
the above set the representations with helicities from −λ to −λ+ (N/2). The exception is
the so-called CPT self-conjugate sets of states which automatically contain both helicity
states.
The representations of the full supersymmetry group are obtained by boosting the
above states in accordance with the Wigner method of induced representations.
Hence the massless irreducible representation of N = 1 supersymmetry comprises only
the two states
|λ〉
|λ− 1
2
〉 = (Q1)|λ〉 (8.14)
with helicities λ and λ− 1
2
and since
Q1Q1|λ〉 = 0 (8.15)
there are no more states.
To obtain a CPT-invariant theory we must add states of the opposite helicities, i.e.
−λ and −λ + 12 . For example, if λ = 12 we get on-shell helicity states 0 and 12 and their
CPT conjugates with helicities −1
2
, 0, giving a theory with two spin 0 and one Majorana
spin 12 . Alternatively, if λ = 2 then we get on-shell helicity states 3/2 and 2 and their CPT
self conjugates with helicity −3/2 and −2; this results in a theory with one spin 2 and one
spin 3/2 particles. These on-shell states are those of the Wess-Zumino model and N = 1
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supergravity respectively. Later in this discussion we will give a complete account of these
theories.
For N = 4 with λ = 1 we get the massless states
|1〉, |1
2
, i〉, |0, [ij]〉, | − 1
2
, [ijk]〉, | − 1, [ijkl]〉 (8.16)
This is a CPT self-conjugate theory with one spin 1, four spin 1
2
and six spin 0 particles.
Table 8.1 below gives the multiplicity for massless irreducible representations which
have maximal helicity 1 or less.
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Table 8.1 Multiplicities for massless irreducible
representations with maximal helicity 1 or less
N
Spin 1 1 2 2 4
Spin 1 − 1 1 − 1
Spin 12 1 1 2 2 4
Spin 0 2 − 2 4 6
We see that as N increases, the multiplicities of each spin and the number of different types
of spin increases. The simplest theories are those for N = 1. The one in the first column
in the Wess-Zumino model and the one in the second column is the N = 1 supersymmetric
Yang-Mills theory. The latter contains one spin 1 and one spin 1
2
, consistent with the
formula for the lowest helicity λ− (N/2), which in this case gives 1− 12 = 12 . The N = 4
multiplet is CPT self conjugate, since in this case we have λ − (N/2) = 1 − 4/2 = −1.
The Table stops at N equal to 4 since when N is greater than 4 we must have particles of
spin greater than 1. Clearly, N > 4 implies that λ− (N/2) = 1− (N/2) < −1. This leads
us to the well-known statement that the N = 4 supersymmetric theory is the maximally
extended Yang-Mills theory.
The content for massless on-shell representations with a maximum helicity 2 is given
in Table 8.2.
Table 8.2 Multiplicity for massless on-shell representations with maximal helicity 2.
N
Spin 1 2 3 4 5 6 7 8
Spin 2 1 1 1 1 1 1 1 1
Spin 32 1 2 3 4 5 6 8 8
Spin 1 1 3 6 10 16 28 28
Spin 12 1 4 11 26 56 56
Spin 0 2 10 30 70 70
The N = 1 supergravity theory contains only one spin 2 graviton and one spin 3/2 grav-
itino. It is often referred to as simple supergravity theory. For the N = 8 supergravity
theory, λ − (N/2) = 2 − 8
2
= −2. Consequently it is CPT self-conjugate and contains all
particles from spin 2 to spin 0. Clearly, for theories in which N is greater than 8, particles
of spin higher than 2 will occur. Thus, the N = 8 theory is the maximally extended
supergravity theory.
It has sometimes been claimed that this theory is in fact the largest possible consistent
supersymmetric theory. This contention rests on the widely held belief that it is impossible
to consistently couple massless particles of spin 52 to other particles. In fact superstring
theories do include spin 5
2
particles, but these are massive.
We now consider the massive irreducible representations of supersymmetry. We take
our rest-frame momentum to be
qµs = (m, 0, 0, 0) (8.17)
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The corresponding little group is then generated by
Pm, Q
αi, T r, Zij1 , Z
ij
2 , Jm ≡
1
2
εmnrJ
nr (8.18)
where m,n, r = 1, 2, 3 for the present discussion. The Jm generate the group SU(2). Let
us first consider the case where the central charges are trivially realised.
When acting on the rest-frame states the supercharges obey the algebra
{QAi, (QBj)∗} = 2δABδijm
{QAi, QBj} = 0 (8.19)
The action of the T r is that of U(N) with the SU(2) rotation generators satisfy
[Jm, Jn] = εmnrJr
[QAi, Jm] = i(σm)
A
BQ
Bi (8.20)
where (σm) are the Pauli matrices. We note that as far as SU(2) is concerned the dotted
spinor QA˙i behaves like the undotted spinor QAi.
We observe that unlike the massless case none of the supercharges are trivially realised
and so the Clifford algebra they form has 4N elements, that is, twice as many as those for
the massless case. The unique irreducible representation of the Clifford algebra is found
in the usual way. We define a Clifford vacuum
QiA|qµs 〉 = 0, A = 1, 2 , i = 1, . . . , N (8.21)
and the representation is carried by the states
|qµs 〉, (QiA)∗|qµs 〉, (QiA)∗(QjB)∗|qµs 〉, . . . (8.22)
Thanks to the anti-commuting nature of the (QjA)
∗ this series terminates when Q∗ is
applied 2N + 1 times.
The structure of the above representation is not particularly apparent since it is not
clear how many particles of a given spin it contains. The properties of the Clifford algebra
are more easily displayed by defining the real generators
Γi2A−1 =
1
2m
(
QAi + (QAi)∗
)
Γi2A =
i
2m
(
QAi − (QAi)∗) (8.23)
where the
Γip = (Γ
i
1,Γ
i
2,Γ
i
3,Γ
i
4) (8.24)
are Hermitian. The Clifford algebra of Eq. (8.19) now becomes
{Γip,Γjq} = δijδpq (8.25)
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The 4N elements of the Clifford algebra carry the group SO(4N) in the standard manner’
the 4N(4N − 1)/2 generators of SO(4N) being
Oijmn =
1
2
[Γim,Γ
j
n] (8.26)
As there are an even number of elements in the basis of the Clifford algebra, we may define
a ”parity” (γ5) operator
Γ4N+1 =
4∏
p=1
N∏
i=1
Γip (8.27)
which obeys the relations
(Γ4N+1)
2 = +1
{Γ4N+1,Γip} = 0 (8.28)
Indeed, the irreducible representation of Eq. (8.22) is of dimension 22N and transforms
according to an irreducible representation of SO(4N) of dimension 22N−1 with Γ4N+1 = −1
and another of dimension 22N−1 with Γ4N+1 = +1. Now any linear transformation of
the Q, Q∗ (for example δQ = rQ) can be represented by a generator formed from the
commutator of the Q and Q∗ (for example, r[Q,Q∗]). In particular the SU(2) rotation
generators are given by
sk = − i
4m
(σk)
A
B[Q
jB, (QjA)∗] (8.29)
One may easily verify that
[QjA, sk] = i(σk)
A
BQ
Bj (8.30)
The states of a given spin will be classified by that subgroup of SO(4N) which commutes
with the appropriate SU(2) rotation subgroup of SO(4N). This will be the group generated
by all generators bilinear in Q,Q∗ that have their two-component index contracted, i.e.
Λij =
i
2m
[QAi, (QjA)
∗]
kij =
i
2m
[QAi, QjA] (8.31)
with (kij)† = kij . It is easy to verify that the Λ
i
j , k
ij and kij generate the group USp(2N)
and so the states of a given spin are labelled by representations of USp(2N). That the
group is USp(2N) is most easily seen by defining
QaA =
{
QiAδ
a
i a = 1, . . . , N
εAB(Q
Bi)∗ a = N + 1, . . . , 2N
(8.32)
for then the generators Λij , k
ij and kij are given by
sab =
i
2m
[QAa, QbA]. (8.33)
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Using the fact that
{QaA, QbB} = εABΩab (8.34)
where
Ωab =
(
0 1
−1 0
)
we can verify that
[sab, scd] = Ωacsbd + Ωadsbc +Ωbcsad +Ωbdsac (8.35)
which is the algebra of USp(2N).
The particle content of a massive irreducible representation is given by the following
Theorem [21]: If our Clifford vacuum is a scalar under the SU(2) spin group and the
internal symmetry group, then the irreducible massive representation of supersymmetry
has the following content
22N =
[
N
2
, (0)
]
+
[
N − 1
2
, (1)
]
+ . . .+
[
N − κ
2
, (κ)
]
+ . . .+ [0, (N)] (8.36)
where the first entry in the bracket denotes the spin and the last entry, say (k), denotes
which kth-fold antisymmetric traceless irreducible representation of USp(2N) that this
spin belongs to.
Table 8.3 Some massive representations (without central charges) labelled in
terms of the USp(2N) representations.
N
Spin 1 2 3 4
Spin 2 1 1 1 1
Spin 32 1 2 1 4 1 6 8
Spin 1 1 2 1 1 4 5 + 1 6 14 + 1 27
Spin 1
2
1 2 1 4 5 + 1 4 14 14′ + 6 48
Spin 0 2 1 5 4 1 14′ 14 42
Consider an example with two supercharges. The classifying group is USp(4) and the
24 states are one spin 1, four spin 1/2, and five spin 0 corresponding to the 1−, 4− and
5−dimensional representations of USp(4). For more examples see Table 8.3.
Should the Clifford vacuum carry spin and belong to a non-trivial representation of
the internal group U(N), then the irreducible representation is found by taking the tensor
product of the vacuum and the representation given in the above theorem.
Massive Representations with a Central Charge
We now consider the case of particles that are massive, but which also possess a central
charge. We take the particles to be in their rest-frame with momentum qµ ≡ (M, 0, 0, 0).
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The isotropy group, H contains (P a, QiA, Q
A˙
i , J, Tr and Z
ij). In the rest frame of the
particles, that is for the momentum qµ, the algebra of the supercharges is given by
{QAi, (QBj)∗} = 2δABδijM (1)
and
{QiA, QjB} = ǫABZij (2)
To discover what is the particle content in a supermultiplet we would like to rewrite
the above algebra as a Clifford algebra. The first step in this proceedure is to carry
out a unitary transformation on the internal symmetry index of the supercharges i.e.
QiA → U ijQjA or QA → UQiA with U†U = 1. Such a transformation preserves the form of
the first relation of equation (1). However, the unitary transformation can be chosen [104]
such that the central charge ,which transforms as Z → UZUT , can be brought to the form
of a matrix which has all its entries zero except for the 2 by 2 matices down its diagonal.
These 2 by 2 matrices are anti-symmetric as a consequence of the anti-symmetric nature of
Zij which is preserved by the unitary transformation. This is the closest one can come to
diagonalising an anti-symmetric matrix. Let us for simplicity restrict our attention to even
N . We can best write down this matrix we replace the i, j = 1, 2, . . .N internal indices by
i = (a,m), j = (b, n), a, b = 1, 2, m, n = 1, . . . , N2 whereupon
Z(a,m)(b,n) = 2ǫabδmnZn (3)
In fact one also show that Zn ≥ 0. The supercharges in the rest-frame satisfy the relations
{QA(am), (QB(bn))∗} = 2δABδab δmn M (4)
and
{Q(am)A , Q(bn)B } = 2ǫABǫabδmnZn (5)
We now define the supercharges
SAm1 =
1√
2
(QA1m + (QB2mǫBA)
∗) (6)
SAm2 =
1√
2
(QA1m − (QB2mǫBA)∗) (7)
in terms of which all the anti-commutators vanish except for
{SAm1 , (SBn1 )
∗} = 2δABδmn(M − Zn) (8)
{SAm2 , (SBn2 )
∗} = 2δABδmn(M + Zn) (9)
This algebra is a Clifford algebra formed from the 2N operators SAm1 and S
Am
2 and their
complex conjugates. It follows from equation (9) that if we take the same indices on each
supercharge that the right-hand side is positive definite and hence Zn ≤M .
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To find the irreducible representation of supersymmetry we follow a similar procedure
to that which we followed for massive and massless particles. The result crucially depends
on whether Zn < M, ∀ n or if one or more values of n we saturate the bound Zn = M .
Let us first consider Zn < M, ∀ n. In this case, the right-hand sides of both equations
(8) and (9) are non-zero. Taking SAm1 and S
Am
2 to annihilate the vaccum the physical
states are given by the creation opperators (SAm1 )
∗
and (SAm2 )
∗
acting on the vacuum.
The resulting representation has 22N states and has the same structure as for the massive
case in the absence of a central charge. The states are classified by USP (2N) as for the
massive case.
Let us now suppose that q of the Zn’s saturate the bound i.e Zn = M . For these
values of n the right-hand side of equation (8) vanishes; taking the expectation value of
this relation for any physical state we find that
< phys|SAn1 (SAn1 )
∗|phys > + < phys|(SAn1 )
∗
(SAn1 )|phys >= 0 (10)
The scalar product on the space of physical states satisfies all the axioms of a scalar product
and hence we conclude that both of the above terms vanish and as a result
(SBn1 )
∗|phys >= 0 = (SAn1 )|phys > (11)
This argument is the same as that used to eliminate half of the supercharges and their
complex conjugates in the massless case; however in the case under consideration here it
only eliminates q of the supercharges and their complex conjugates. There remain the N
2
supercharges (SBm2 ) and the
N
2
− q supercharges (SBm1 ) for the values of m for which Zm
do not saturate the bound as well as their complex conjugates. These supercharges form
a Clifford algebra and we can take the N2 supercharges (S
Bm
2 ) and the
N
2 − q supercharges
(SBm1 ) to annihilate the vacuum and their complex conjugates to be creation operators.
The resulting massive irreducible representation of supersymmetry has 22(N−q) states and
it has the same form as a massive representation of N − q extended supersymmetry. The
states will be classified by USp(2N − 2q).
Clearly, a representation in which some or all of the central charges are equal to their
mass has fewer states than the massive representation formed when none of the central
charges saturate the mass, or a massive representation for which all the central charges
vanish. This is a consequence of the fact that the latter Clifford algebra has more of its
supercharges active in the irreducible representation. In almost all cases, the representation
with some of its central charges saturated contains a smaller range of spins than the
massive representation with no central charges. This feature plays a very important role
in discussions of duality in supersymmetric theories.
Let us consider the irreducible representations of N = 4 supersymmetry which has
both of its two possible central charges saturated. These representations are like the corre-
sponding N = 2 massive representations. An important example has a 1 of spin one, a 4 of
spin one-half and 5 of spin zero. The underlined numbers are their USp(4) representations.
This representation arises when the N = 4 Yang-Mills theory is spontaneously broken by
one of its scalars acquiring a vaccum expectation value. The theory before being sponta-
neously broken, has a massless representation with one spin one, 2 spin 1/2 , and six spin
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0. Examining the massive representations for N = 4 in the absence of a central charge one
finds that the representation with the smallest spins has all spins from spin 2 to spin 0.
Hence the spontaneously broken theory can only be supersymmetric if the representation
has a central charge. Another way to get the count in the above representation is to take
the massless representation and recall that when the theory is spontaneously broken one
of the scalars has been eaten by the vector as a result of the Higgs mechanism.
We close this section by answering a question which may have arisen in the mind
of the reader. For the N extended supersymmetry algebra the supersymmetry algebra
in the rest frame of equation (3) representation has N2 possible central charges. This
makes one central charge for the case of N = 2. However, this number conflicts with our
understanding that a particle in N = 2 supersymmetric Yang-Mills theory can have two
central charges corresponding to its electric and magnetic fields. The resolution of this
conundrum is that although one can use a unitary transformation to bring the central
charge of a given irreducible representation (i.e. particle) to have only one independent
component one can not do this simultaneously for all irreducible multiplets or particles.
Some examples of massive representations with central charges are given in the table
below.
Table 8.4 Some massive representations with one central charge (|Z| = m).
All states are complex.
N
Spin 2 4 6 8
Spin 2 1 1
Spin 32 1 1 6 8
Spin 1 1 1 4 6 14 + 1 27
Spin 1
2
1 2 4 5 + 1 14 14′ + 6 48
Spin 0 2 1 5 4 14′ 14 42
We have seen that when the central charges take on special values the irreducible
representation contain fewer states than the generic irreducible massive representation.
When this occurs the states in the representation are called BPS states and the multiplet
of states is called a BPS or short multiplet. Quantum corrections do not, except in very
unusual circumstances, alter the number of states in a theory, and as such one expects the
number and type of BPS multiplets to be the same in the classical and quantum theories.
This follows from the observation that for a BPS multiplet to become a generic massive
multiplet, the presence of more states would be required in the theory and one does not
expect to suddenly find new states in the theory as one smoothly alters the parameters
of the theory. As such, we can expect this result to hold regardless of the value of the
coupling constant of the quantum theory.
This property is very useful since one can verify the existence of certain BPS states
when the coupling constant of the theory is small by conventional techniques and it then
follows that these BPS states will be present in the same theory when the coupling constant
is large. In fact, the presence of BPS states is one of the few things that one can reliably
establish in the strong coupling regime of a supersymmetric theory. BPS multiplets play
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an important role in discussions on duality; if one suspects that two theories are dual one
of the things one can reliably check is the correspondence between the BPS states in each
theory.
The account of the massive irreducible representations of supersymmetry given here
is along similar lines to the review by Ferrara and Savoy given in [21].
4. Three Ways to Construct a Supergravity Theory
In this section it is explained how to construct a supergravity theory from the knowl-
edge of its on-shell states.
There are three main ways. The method which has been used most often is the
Noether method. It was used to construct the four-dimensional N = 1 supergravity in
its on-shell [14][15] and off-shell formulations [16][17]. This method was also used in the
construction of the d=11 supergravity theory [106] and a variant of it was used to find
many of the properties of the IIB theory [111]. Although this method does not make use
of any sophistocated mathematics and can be rather lengthy, it is very powerful. Starting
from the linearised theory for the relavent supermultiplet, it gives a systematic way of
finding the final non-linear theory. To illustrate the method clearly and without undue
technical complexity we explain, in section 4.1.1, how to construct the Yang-Mills theory
from the linearised theory. In section 4.1.2 we find the linearised supergravity theory in
four dimensions and apply the Noether proceedure to find the full non-linear theory. In
fact, we will only carry out the first steps in this Noether procedure, but these clearly
illustrate how to find the final result, most of whose features are already apparent at an
early stage of the process. We then give the N = 1 supergravity theory and show it is
invariant.
The second method uses the superspace description of supergravity theories and in
section 4.2 we begin by summarising this approach. Supergravity theories in superspace
share a number of similarities with the usual theory of general relativity. They are built
from a supervierbein and a spin-connection and are invariant under superdiffeomorphisms.
Using the supervierbein and spin-connection we can construct covariant derivatives and
then define torsions and curvatures in the usual way. The superspace formulation differs
from the usual formulation of general relativity in the nature of the tangent space group.
The tangent space of the superspace formulation of supergravity contains fermionic and
bosonic subspaces; however, the tangent space group is only the Lorentz group which
rotates the odd (bosonic) and even (fermionic) subspaces seperately. In general relativity
the tangent space group is also the Lorentz group but in this case it rotates all vectors of
a given length into each other.
The use of a restricted tangent space group in the superspace formulation allows us to
take some of the torsions and curvatures to be zero since these constraints are respected
by the Lorentz tangent space group. In fact the torsions and curvatures form a highly
reducible representation of the Lorentz group. Indeed, the imposition of such constraints
is precisely what is required to find the correct theory of supergravity. Hence the problem
of finding the superspace formulation of supergravity is to find which of the torsions and
curvatures are zero. We require different sets of constriants for the on-shell and off-shell
supergravity theory. Clearly one gets from the latter to the former by imposing more
37
constraints. To find the constraints for the off-shell theory, when this exists, can be rather
difficult; however it turns out that to find the constraints for the on-shell theory is very
straightforward and remarkably requires only dimensional analysis. Given a knowledge
of the on-shell states in x-space, which are determined in a straightforward way from
the supersymmetry algebra, as explained in section three, we can deduce the dimensions
of all the gauge-invariant quantities. By introducing an notion of geometric dimension,
which in effect absorbs all factors of Newton’s constant κ into the fields, one finds that
for sufficently low dimensions and certain Lorentz character there are no gauge-invariant
tensors in x-space. The superspace torsions and curvatures are gauge-invariant and so the
superspace tensors with these dimensions and Lorentz character must then vanish as there
is no available x-space tensor that their lowest component could equal. We can substitute
these superspace constraints into the the Bianchi idenitites satisfied by the torsions and
curvatures to find constraints on the torsions and curvatures of higher dimension. From
this set of constraints one can find an x-space theory and it turns out that in all known
cases this theory is none other than the corresponding on-shell supergravity theory. In
other words, the constraints deduced from dimensional analysis and the use of the Bianchi
identities are sufficient to find the on-shell supergravity in superspace and hence also in
x-space. In section 4.2.2 we explicity carry out this programme for the four-dimensional
N = 1 supergravity theory and recover the theory we found by the Noether method. This
procedure was used to find the full IIB supergravity in superspace and in x-space [111].
We refer the reader to reference [111] for the details of this construction.
Finally, we briefly mention in section 4.3 the third method of finding supergravity
theories by the gauging certain space-time groups.
Several parts of this section are taken from reference [0] and we keep the same equation
numbering as in this reference.
4.1 The Noether Method
4.1.1 Yang-Mills Theory and the Noether Technique
Any theory whose nonlinear form is determined by a gauge principle can be con-
structed by a Noether procedure [9]. Because of the importance of the Noether technique
in constructing theories of supergravity we will take this opportunity to illustrate the
technique within the framework of the simpler supersymmetric Yang-Mills theory [10].
Let us begin by considering the construction of the Yang-Mills theory itself from
the linearised (free) theory. At the free level the theory is invariant under two distinct
transformations: rigid and local Abelian transformations. Rigid transformations belong to
a group S with generators Ri which satisfy
[Ri, Rj] = s
k
ij Rk (7.1)
The structure constants s kij may be chosen to be totally antisymmetric and the indices
i, j, k, . . . can be raised and lowered with the Kronecker delta δji . Under these rigid trans-
formations the vector fields Aia transform as
δAia = s
i
jk T
jAka (7.2)
38
where Tj are the infinitesimal group parameters. The other type of transformations are
local Abelian transformations
δAia = ∂aΛ
i (7.3)
Clearly both these transformations form a closed algebra† The linearised theory which is
invariant under the transformations of Eqs. (7.2) and (7.3) is given by
A(0) =
∫
d4x
{
−1
4
f iabf
i
ab
}
(7.4)
where f iab = ∂aA
i
b − ∂bAia The nonlinear theory is found in a series of steps, the first of
which is to make the rigid transformations local, i.e. T j = T j(x). Now, A(0) is no longer
invariant under
δAia = s
i
jk T
j(x)Aka (7.5)
but its variation may be written in the form
δA(0) =
∫
d4x
{(
∂aT
k(x)
)
jak
}
(7.6)
where
jak = −s kij Aibfabj (7.7)
Now consider the action A1
A1 = A
(0) − 1
2
g
∫
d4x(Aiaj
ai) (7.8)
where g is the gauge coupling constant; it is invariant to order g0 provided we combine
the local transformation T i(x) with the local transformation Λi(x) with the identification
Λi(x) = (1/g)T i(x). That is, the initially separate local and rigid transformations of the
linearised theory become knitted together into a single local transformation given by
δAia =
1
g
∂aT
i(x) + sijkTj(x)A
k
a(x) (7.9)
The first term in the transformation of δAia yields in the variation of the last term in A1,
a term which cancels the unwanted variation of A(0).
We now continue with this process of amending the Lagrangian and transformations
order-by-order in g until we obtain an invariant Lagrangian. The variation of A1 under
the second term of the transformation of Eq. (7.9) is of order g and is given by
δA1 =
∫
d4x{−g(AiaAjbs kij )(Alb∂aTms klm )} (7.10)
† In particular one finds [δΛ, δT ]Aia = ∂a(s ijk T jΛk).
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An action invariant to order g is
A2 = A1 +
∫
d4x
g2
4
(AiaA
j
bs
k
ij )(A
blAams klm )
=
1
4
∫
d4x(F iab)
2 (7.11)
where
F iab = ∂aA
i
b − ∂bAia − gs ijkAjaAkb (7.12)
In fact the action A2 is invariant under the transformations of Eq. (7.9) to all orders in g
and so represents the final answer, and is, of course, the well-known action of Yang-Mills
theory. The commutator of two transformations on Aia is
[δT1 , δT2 ]A
i
a = s
k
ij T
j
2
(
1
g
∂aT
k
1 + s
k
lm T
l
1A
m
a
)
− (1 ↔ 2)
=
1
g
∂aT
i
12 + s
k
ij T
j
12A
k
a (7.13)
where
T i12 = s
i
jk T
j
2T
k
1
and so the transformations form a closed algebra. In the last step we used the Jacobi
identity in terms of the structure constants.
For supergravity and other local theories the procedure is similar, although somewhat
more complicated. The essential steps are to first make the rigid transformations local
and find invariant Lagrangians order by order in the appropriate gauge coupling constant.
This is achieved in general not only by adding terms to the action, but also adding terms
to the transformation laws of the field. If the latter process occurs one must also check
the closure order by order in the gauge coupling constant.
Although one can use a Noether procedure which relies on the existence of an action,
one can also use a Noether method which uses the transformation laws alone. This works,
in the Yang-Mills case, as follows: upon making the rigid transformation local as in Eq.
(7.5) one finds that the algebra no longer closes, i.e.
[δΛ, δT ]A
i
a = ∂a
(
s iij (T
jΛk)
)− s ijk (∂aT j)Λk (7.14)
The cure for this is to regard the two transformations as simultaneous and knit them
together as explained above. Using the new transformation for Aia of Eq. (7.9) we then
test the closure to order g0. In fact, in this case the closure works to all orders in g and
the process stops here; in general however, one must close the algebra order by order in
the coupling constant modifying the transformation laws and the closure relations for the
algebra. Having the full transformations it is then easy to find the full action when that
exists.
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Let us apply the above Noether proceedure to find the N = 1 supersymmetric Yang-
Mills theory from its linearised theory. In the linearised theory the fields Aia, λ
i, Di have
the rigid transformations Ti and local transformations Λ
i(x) given by
δAia = s
i
jk T
jAka, δλ
i = s ijk T
jλk
δDi = s ijk T
jDk (7.15)
and
δAia = ∂aΛ
i δDi = 0, δλi = 0 (7.16)
The supersymmetry transformations of the linearised theory are given by
δAia = ε¯γaλ
i
δλi = −1
2
σcdf icdε+ iγ5D
iε
δDi = iε¯γ5∂/λ
i (7.17)
These transformations form a closed algebra, and leave invariant the following linearised
Lagrangian
L = −1
4
(f icd)
2 − 1
2
λ¯i∂/λi +
1
2
(Di)2 (7.18)
Let us use the Noether method on the algebra to find the nonlinear theory. Making
the rigid transformation on Aia local we must, as in the Yang-Mills case, knit the rigid
and local transformations together
(
i.e. Λi(x) = (1/g)T i(x)
)
to gain closure of gauge
transformations on Aiµ. Closure of supersymmetry and gauge transformations implies
that the rigid transformations on λi and Di also become local. This particular closure
also requires that all the supersymmetry transformations are modified to involve covariant
quantities. For example, we find that on Di
[δT , δε]D
i = iε¯γ5γ
as ijk (∂aT
j)λk (7.19)
and as a result we must replace ∂aλ
i by Daλi = ∂aλi− gs ijkAjaλk in the δDi of Eq. (7.17)
and then the commutator [δΛ, δε] is zero to all orders in g. The algebra then takes the
form
δAia = ε¯γaλ
i
δλi =
(
−1
2
σcdF icd + iγ5D
i
)
ε
δDi = iε¯γ5D/λi (7.20)
where
F iab = ∂aA
i
b − ∂bAia − gs ijkAjaAkb
We must now verify that the above supersymmetry transformations close. For other su-
persymmetric gauge theories we must add further terms to the supersymmetry transfor-
mations in order to regain closure. However, in this case gauge covariance and dimensional
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analysis ensure that there are no possible terms that one can add to these supersymmetry
transformations and so the transformations of Eqs. (7.20) must be the complete laws for
the full theory. The reader may verify that there are no inconsistencies by showing that
the algebra does indeed close.
The action invariant under these transformations is
A =
∫
d4x
{
−1
4
(F iab)
2 − 1
2
λ¯iD/λi + 1
2
(Di)2
}
(7.21)
One could also have used the Noether procedure on the action. Gauge invariance implies
that the action is that given in Eq. (7.21). Demanding that this gauge invariant action be
supersymmetric requires us to modify the supersymmetry transformations to those of Eq.
(7.20).
4.1.2 N = 1 D = 4 Supergravity
We will now construct N = 1 D = 4 supergravity using the Noether method. The
starting point is the linearised theory which we now construct along similar lines to the
method used to find the Wess-Zumino model and N = 1 super QED in chapters 5 and 6
in reference [0].
The Linearised Theory
We will start with the on-shell states and construct the linearized theory, without and
then with auxiliary fields. The N = 1 irreducible representations of supersymmetry which
include a spin 2 graviton contain either a spin 3/2 or a spin 5/2 fermion. The spin 5/2
particle would seem to have considerable problems in coupling to other fields and so we
will choose the spin 3/2 particle.
As in the Yang-Mills case, the linearized theory possesses rigid supersymmetry and
local Abelian gauge invariances. The latter invariances are required, in order that the
fields do describe the massless on-shell states alone without involving ghosts. We recall
that a rigid symmetry is one whose parameters are space-time independent while a local
symmetry has space-time dependent parameters.
These on-shell states are represented by a symmetric second rank tensor field, hµν (hµν =
hνµ) and a Majorana vector spinor, ψµα. For these fields to represent a spin 2 particle and
a spin 3/2 particle they must possess the infinitesimal gauge transformations
δhµν = ∂µξν(x) + ∂νξµ(x)
∂ψµα = ∂µηα(x) (9.1)
The unique ghost-free gauge-invariant, free field equations are
Eµν = 0, R
µ = 0 (9.2)
where Eµν = R
L
µν − 12ηµνRL, RLabµν is the linearized Riemann tensor given by
RLabµν = −∂a∂µhbν + ∂b∂µhaν + ∂a∂νhbµ − ∂b∂νhaµ
and
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Rµ = εµνρκiγ5γν∂ρψκ
RLbµ = R
Lab
µνδ
µ
a
RL = RLaµδ
µ
a (9.3)
For an explanation of this point see van Nieuwenhuizen. [13].
We must now search for the supersymmetry transformations that form an invariance
of these field equations and represent the supersymmetry algebra on-shell. On dimensional
grounds the most general transformation is
δhµν =
1
2
(ε¯γµψν + ε¯γνψµ) + δ1ηµν ε¯γ
κψκ
δψµ = +δ2σ
ab∂ahbµε+ δ3∂νh
ν
µε (9.4)
The parameters δ1, δ2 and δ3 will be determined by the demanding that the set of trans-
formations which comprise the supersymmetry transformations of equation (9.4) and the
gauge transformations of equation (9.1) should form a closing algebra when the field equa-
tions of equation (9.2) hold. At the linearized level the supersymmetry transformations
are linear rigid transformations, that is, they are first order in the fields hµν and ψµα and
parametrized by constant parameters εα.
Carrying out the commutator of a Rarita-Schwinger gauge transformation, ηα(x) of
Eq. (9.1) and a supersymmetry transformation, ε of Eq. (9.4) on hµν , we get:
[δη, δε]hµν =
1
2
(ε¯γµ∂νη + ε¯γν∂µη) + δ1ηµν ε¯∂/η (9.5)
This is a gauge transformation with parameter 12 ε¯γµη on hµν provided δ1 = 0. Similarly,
calculating the commutator of a gauge transformation of hµν and a supersymmetry trans-
formation on hµν automatically yields the correct result, i.e., zero. However, carrying out
the commutator of a supersymmetry transformation and an Einstein gauge transformation
on ψµα yields
[δξµ , δε]ψµ = +δ2σ
ab∂a(∂µξb)ε+ δ3∂ν∂
νξµε+ δ3∂ν∂µξ
µε (9.6)
which is a Rarita-Schwinger gauge transformation on ψµ provided δ3 = 0. Hence we take
δ1 = δ3 = 0.
We must test the commutator of two supersymmetries. On hµν we find the commu-
tator of two supersymmetries to give
[δε1 , δε2 ]hµν = +
1
2
{ε¯2γµδ2σab∂ahbνε2 + (µ↔ ν)} − (1↔ 2)
= δ2{ε¯2γbε1∂µhbν − ε¯2γaε1∂ahµν − (µ↔ ν)} (9.7)
This is a gauge transformation on hµν with parameter δ2ε¯2γ
bε1hbν as well as a space-
time translation. The magnitude of this translation coincides with that dictated by the
supersymmetry group provided δ2 = −1 which is the value we now adopt.
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It is important to stress that linearized supergravity differs from the Wess-Zumino
model in that one must take into account the gauge transformations of Eqs. (9.1) as
well as the rigid supersymmetry transformations of Eq. (9.4) in order to obtain a closed
algebra. The resulting algebra is the N = 1 supersymmetry algebra when supplemented
by gauge transformations. This algebra reduces to the N = 1 supersymmetry algebra only
on gauge-invariant states.
For the commutator of two supersymmetries on ψµ we find
[δε1 , δε2 ]ψµ = −σab∂aε2
1
2
(ε1γbψµ + ε¯1γµψb)− (1↔ 2)
= +
1
2.4
∑
R
cRε¯1γRε2σ
ab∂aγ
R(γbψµ + γµψb)− (1↔ 2)
=
1
8
ε¯1γRε2σ
abγR
(
γbψaµ +
1
2
γµψab
)
+ ∂µ
(
1
8
ε¯1γRε2σ
abγRγbψa
)
− (1↔ 2) (9.8)
where ψµν = ∂µψν − ∂νψµ. Using the different forms of the Rarita-Schwinger equation of
motion, given by
Rµ = 0
⇔ γµψµν = 0
⇔ ψµν + 1
2
iγ5εµνρκψ
ρκ = 0 (9.9)
we find the final result to be
[δε1 , δε2 ]ψµ = 2ε¯2γ
cε1∂cψµ + ∂µ
(− ε¯2γcε1ψc
+
∑
R
cR
1
8
ε¯1γRε2σ
abγRγbψa − (1↔ 2)
)
(9.10)
This is the required result: a translation and a gauge transformation on ψµ.
The reader can verify that the transformations of Eq. (9.4) with the values of δ1 =
δ3 = 0, δ2 = −1 do indeed leave the equations of motion of hµν and ψµα invariant.
Having obtained an irreducible representation of supersymmetry carried by the fields
hµν and ψµα when subject to their field equations we can now find the algebraically on-
shell Lagrangian. The action (Freedman, van Nieuwenhuizen and Ferrara [14], Deser and
Zumino [15]) from which the field equations of Eq. (9.2) follow, is
A =
∫
d4x
{
−1
2
hµνEµν − 1
2
ψ¯µR
µ
}
(9.11)
It is invariant under the transformations of Eq. (9.4) provided we adopt the values for
the parameters δ1, δ2 and δ3 found above. This invariance holds without use of the field
equations, as it did in the Wess-Zumino case.
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We now wish to find a linearized formulation which is built from fields which carry
a representation of supersymmetry without imposing any restrictions (i.e., equations of
motion), namely, we find the auxiliary fields. As a guide to their number we can apply
our Fermi-Bose counting rule which, since the algebra contains gauge transformations,
applies only to the gauge-invariant states. On-shell, hµν has two helicities and so does
ψµα; however off-shell, hµν contributes (5 × 4)/2 = 10 degrees of freedom minus 4 gauge
degrees of freedom giving 6 bosonic degrees of freedom. On the other hand, off-shell ψµα
contributes 4 × 4 = 16 degrees of freedom minus 4 gauge degrees of freedom, giving 12
fermionic degrees of freedom. Hence the auxiliary fields must contribute 6 bosonic degrees
of freedom. If there are n auxiliary fermions there must be 4n+6 bosonic auxiliary fields.
Let us assume that a minimal formulation exists, that is, there are no auxiliary spinors.
Let us also assume that the bosonic auxiliary fields occur in the Lagrangian as squares
without derivatives (like F and G) and so are of dimension two. Hence we have 6 bosonic
auxiliary fields; it only remains to find their Lorentz character and transformations. We
will assume that they consist of a scalarM , a pseudoscalar N and a pseudovector bµ, rather
than an antisymmetric tensor or 6 spin-0 fields. We will give the motivating arguments
for this later.
Another possibility is the two fields Aµ and aκλ which possess the gauge transforma-
tions δAµ = ∂µΛ; δaκλ = ∂κΛλ−∂λΛκ. A contribution εµνρκAµ∂νaρκ to the action would
not lead to propagating degrees of freedom.
The transformation of the fields hµν , ψµα, M, N and bµ must reduce on-shell to the
on-shell transformations found above. This restriction, dimensional arguments and the
fact that if the auxiliary fields are to vanish on-shell they must vary into field equations
gives the transformations to be [16,17]
δhµν =
1
2
(ε¯γµφν + ε¯γνψµ)
δψµα = −σab∂ahbµε− 1
3
γµ(M + iγ5N)ε+ bµiγ5ε+ δ6γµ/biγ5ε
δM = δ4ε¯γ ·R
δN = δ5iε¯γ5γ ·R
δbµ = +δ7iε¯γ5Rµ + δ8iε¯γ5γµγ ·R (9.12)
The parameters δ4, δ5, δ6, δ7 and δ8 are determined by the restriction that the above
transformations of Eq. (9.12) and the gauge transformations of Eq. (9.1) should form a
closed algebra. For example, the commutator of two supersymmetries on M gives
[δε1 , δε2 ]M = δ4{−ε¯2γµε1∂µM + 16ε¯2σµνiγ5ε1(1 + 3δ6)∂µbν} (9.13)
which is the required result provided δ4 = −12 and δ6 = −13 . Carrying out the commutator
of two supersymmetries on all fields we find a closing algebra provided
δ4 = −1
2
, δ5 = −1
2
, δ6 = −1
3
, δ7 =
3
2
and δ8 = −1
2
(9.14)
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We henceforth adopt these values for the parameters. An action which is constructed from
the fields hµν , ψµα, M, N and bµ and is invariant under the transformations of Eq. (9.12)
with the above values of the parameters is [16],[17]
A =
∫
d4x
{
−1
2
hµνE
µν − 1
2
ψ¯µR
µ − 1
3
(M2 +N2 − bµbµ)
}
(9.15)
This is the action of linearized N = 1 supergravity and upon elimination of the auxiliary
field M, N and bµ it reduces to the algebraically on-shell Lagrangian of Eq. (9.11).
The Nonlinear Theory
The full nonlinear theory of supergravity can be found from the linearized theory
discussed above by applying the Noether technique discussed at the beginning of this
section. Just as in the case of Yang-Mills the reader will observe that the linearized theory
possesses the local Abelian invariances of Eq. (9.1) as well as the rigid (i.e., constant
parameter) supersymmetry transformations of Eq. (9.4).
We proceed just as in the case of the Yang-Mills theory and make the parameter of
rigid transformations space-time dependent, i.e., set ε = ε(x) in Eq. (9.4). The linearized
action of Eq. (9.15) is then no longer invariant, but its variation must be of the form
δA0 =
∫
d4x∂µε¯
αjµα (9.16)
since it is invariant when ε¯α is a constant. The object jµα is proportional to ψµα and linear
in the bosonic fields hµν , M or N and bµ. As such, on dimensional grounds, it must be of
the form
jµα ∝ ∂τhρµψνβ + . . .
Consider now the action, A, given by
A1 = A0 − κ
4
∫
d4xψ¯µjµ (9.17)
where κ is the gravitational constant. The action A is invariant to order κ0 provided we
combine the now local supersymmetry transformation of Eq. (9.12) with a local Abelian
Rarita-Schwinger gauge transformation of Eq. (9.1) with parameter η(x) = (2/κ)ε(x).
That is, we make a transformation
δψµ =
2
κ
∂µε(x)− ∂ahbµσabε(x)− 1
3
γµ(M + iγ5N)ε(x)
+ iγ5
(
bµ − 1
3
γµγ
νbν
)
ε(x) (9.18)
the remaining fields transforming as before except that ε is now space-time dependent.
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As in the Yang-Mills case the two invariances of the linearized action become knitted
together to form one transformation, the role of gauge coupling being played by the grav-
itational constant, κ. The addition of the term (−κ/4)ψ¯µjµ to A0 does the required job;
its variation is
−κ
4
· 2 ·
(
2
κ
)
(∂µε¯)j
µ + terms of order κ1 (9.19)
The order κ1 terms do not concern us at the moment. We note that jµα is linear in ψµα
and so we get a factor of 2 from δψµα.
In fact, one can carry out the Noether procedure in the context of pure gravity where
one finds at the linearized level the rigid translation
δhµν = ζ
λ∂λhµν (9.20)
and the local gauge transformation
δhµν = ∂µξν + ∂νξµ (9.21)
These become knitted together at the first stage of the Noether procedure to give
δhµν =
1
κ
∂µζν +
1
κ
∂νζµ + ζ
λ∂λhµν (9.22)
since ξν = (1/κ)ζν . This variation of hµν contains the first few terms of an Einstein general
coordinate transformation of the vierbein which is given in terms of hµν by
e aµ = η
a
µ + κh
a
µ (9.23)
We proceed in a similar way to the Yang-Mills case. We obtain order by order in κ an
invariant Lagrangian by adding terms to the Lagrangian and in this case also adding
terms to the transformations of the fields. For example, if we added a term to δψµ say,
δψ¯µ = . . .+ε¯Xµκ, then from the linearized action we receive a contribution −κε¯XµRµ upon
variation of ψµ. It is necessary at each step (order of κ) to check that the transformations
of the fields form a closed algebra. In fact, any ambiguities that arise in the procedure are
resolved by demanding that the algebra closes.
The final set of transformations [16,17] is
δe aµ = κε¯γ
aψµ
δψµ = 2κ
−1Dµ
(
w(e, ψ)
)
ε+ iγ5
(
bµ − 1
3
γµ/b
)
ε− 1
3
γµ(M + iγ5N)ε
δM = −1
2
e−1ε¯γµR
µ − κ
2
iε¯γ5ψνb
ν − κε¯γνψνM + κ
2
ε¯(M + iγ5N)γ
µψµ
δN = −e
−1
2
iε¯γ5γµR
µ +
κ
2
ε¯ψνb
ν − κε¯γνψνN − κ
2
iε¯γ5(M + iγ5N)γ
µψµ
δbµ =
3i
2
e−1ε¯γ5
(
gµν − 1
3
γµγν
)
Rν + κε¯γνbνψµ − κ
2
ε¯γνψνbµ
− κ
2
iψ¯µγ5(M + iγ5N)ε− iκ
4
ε bcdµ bbε¯γ5γcψd (9.24)
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where
Rµ = εµνρκiγ5γνDρ
(
w(e, ψ)
)
ψκ
Dµ
(
w(e, ψ)
)
= ∂µ + wµab
σab
4
and
wµab =
1
2
eνa(∂µebν − ∂νebµ)−
1
2
e νb (∂µeaν − ∂νeaµ)
− 1
2
e ρa e
σ
b (∂ρeσc − ∂σaρc)e cµ
+
κ2
4
(ψ¯µγaψb + ψ¯aγµψb − ψ¯µγbψa) (9.25)
They form a closed algebra, the commutator of two supersymmetries on any field being
[δε1 , δε2 ] = δsupersymmetry(−κξνψν) + δgeneral coordinate(2ξµ)
+ δLocal Lorentz
(
−2κ
3
εabλρb
λξρ
−2κ
3
ε¯2σab(M + iγ5N)ε1 + 2ξ
dw abd
)
(9.26)
where
ξµ = ε¯2γµε1
The transformations of Eq. (9.24) leave invariant the action [16], [17]
A =
∫
d4x
{
e
2κ2
R − 1
2
ψ¯µR
µ − 1
3
e(M2 +N2 − bµbµ)
}
(9.27)
where
R = R abµν e
µ
a e
ν
b
and
R abµν
σab
4
= [Dµ, Dν ]
The auxiliary fields M, N and bµ may be eliminated to obtain the nonlinear algebraically
on-shell Lagrangian which was the form in which supergravity was originally found in Refs.
14 and 15.
As discussed at the beginning of this section one could also build up the non-local
theory by working with the algebra of field transformations alone.
Invariance of N = 1 Supergravity
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We refer the reader to chapter 10 of reference [0] for a demonstration of the invariance
of the supergravity under local supersymmetry transformations. This proof [18,19] uses
the 1.5 order formalism.
4.2 On-Shell N = 1 D = 4 Superspace
In this section we will construct the on-shell superspace formulation of N = 1 D =
supergravity, from which we recover the equations of motion in x-space.
4.2.1 Geometry of Local Superspace
The geometrical framework [69] of superspace supergravity has many of the con-
structions of general relativity, but also requires additional input. A useful guide in the
construction of local superspace is that it should admit rigid superspace as a limit.
We begin with an eight-dimensional manifold zΠ = (xu, θα) where xu is a commuting
coordinate and θα is a Grassmann odd coordinate. On this manifold a super-general
coordinate reparametrization has the form
zΠ → z′Π = zΠ + ξΠ (16.1)
where ξΠ = (ξu, ξα) are arbitrary functions of zΠ.
Just as in general relativity we can consider scalar superfields, that is, fields for which
φ′(z′) = φ(z) (16.2)
and superfields with superspace world indices ϕΛ; for example
ϕΛ =
∂φ
∂zΛ
(16.3)
The latter transform as
ϕ′Λ(z
′) =
∂zΠ
∂z′Λ
ϕΠ(z) (16.4)
The transformation properties of higher order tensors is obvious.
We must now specify the geometrical structure of the manifold. For reasons that will
become apparent, the superspace formulation is essentially a vierbien formulation. We
introduce supervierbiens E NΠ which transform under the supergeneral coordinate trans-
formations as
δE NΠ = ξ
Λ∂ΛE
N
Π + ∂Πξ
ΛE NΛ (16.5)
The N -index transforms under the tangent space group which is taken to be just the
Lorentz group; and so δE NΠ = E
M
Π Λ
N
M where
Λ NM =

λ
n
m 0 0
0 −14 (σmn) BA Λmn 0
0 0 +14 (σmn)
B˙
A˙
Λmn

 (16.6)
The matrix Λ nm is an arbitrary function on superspace and it governs not only the rotation
of the vector index, but also the rotation of the spinorial indices. Since we are dealing with
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an eight-dimensional manifold one could choose a much larger tangent space group. For
example, Λ NM could be an arbitrary matrix that preserves the metric
gNM = diag(a1ηmn, a2εAB , a3εA˙B˙) (16.7)
where a1, a2 and a3 are non-zero arbitrary constants. Demanding reality of the metric
implies a∗2 = a3 and we may scale away one factor. This corresponds to taking the tan-
gent space group to be OSp(4, 1). In such a formulation one could introduce a metric
gΠΛ = E
N
Π gNME
M
Λ and one would have a formulation which mimicked Einstein’s general
relativity at every step [70].
Such a formulation, however, would not lead to the x-space component N = 1 super-
gravity given earlier. One way to see this is to observe that the above tangent space group
does not coincide with that of rigid superspace (super Poincare´/Lorentz), which has the
Lorentz group, as given in Eq. (16.6) with Λ nm a constant matrix, as its tangent space
group. As linearized superspace supergravity must admit a rigid superspace formulation,
any formulation based on an OSp(4, 1) tangent group will not coincide with linearized
supergravity. In fact the OSp(4, 1) formulation has a higher derivative action.
An important consequence of this restricted tangent space group is that tangent super-
vectors V N = V ΠE NΠ belong to a reducible representation of the Lorentz group. This al-
lows one to write down many more invariants. The objects V mVm, V
AV BεAB , V
A˙V B˙εB˙A˙
are all separately invariant.
In other words, in the choice of metric in Eq. (16.7) the constants a1, a2, a3 can have
any value including zero.
We define a Lorentz valued spin connection
Ω NΛM =

Ω
n
Λm 0 0
0 −14Ω mnΛ (σmn) BA 0
0 0 14Ω
mn
Λ (σ¯mn)
B˙
A˙

 (16.8)
This object transforms under super general coordinate transformations as
δΩ NΛM = ξ
Π∂ΠΩ
N
ΛM + ∂Λξ
ΠΩ NΠM (16.9)
and under tangent space rotation as
δΩ NΛM = −∂ΛΩ NM + Ω SΛM Λ NS + Ω NΛR Λ RM (−1)(M+R)(N+R) (16.10)
The covariant derivatives are then defined by
DΛ = ∂Λ +
1
2
Ω mnΛ Jmn (16.11)
where Jmn are the appropriate Lorentz generators (see Appendix A of reference [0]). The
covariant derivative with tangent indices is
DN = E
Λ
N DΛ (16.12)
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where E ΛN is the inverse vierbien defined by
E ΛN E
M
Λ = δ
M
N (16.13)
or
E MΛ E
Π
M = δ
Π
Λ (16.14)
Equipped with super-vierbien and spin-connection we define the torsion and curvature
tensors as usual
[DN , DM} = T RNMDR +
1
2
R mnNM Jmn (16.15)
Using Eqs. (16.11) and (16.12) we find that
T RNM = E
Λ
M ∂ΛE
Π
N E
R
Π + Ω
R
MN − (−1)MN (M ↔ N) (16.16)
R rsMN = E
Λ
ME
Π
N (−1)Λ(N+Π){∂ΛΩ rsΠ + Ω rkΛ Ω sΠk − (−1)ΛΠ(Λ↔ Π)} (16.17)
The super-general coordinate transformations can be rewritten using these tensors
δE MΛ = −E RΛ ξNT MNR +DΛξM (16.18)
δΩ NΛM = E
R
Λ ξ
PR NPRM (16.19)
where ξN = ξΛE NΛ and we have discarded a Lorentz transformation.
The torsion and curvature tensors satisfy Bianchi identities which follow from the
identity[
DM , [DN , DR}
}− [[DM , DN}, DR}+ (−1)RN [[DM , DR}, DN} = 0 (16.20)
They read
0 = I
(1) F
RMN = [−(−1)(M+N)RDRT FMN + T SMN T FSR +R FMNR ]
+ [+(−1)MNDNT FMR − (−1)NRT SMR T FSN − (−1)NRR FMRN ]
+ [−DMT FNR
+ (−1)(N+R)MT SNR T FSM + (−1)(N+R)MR FNRM ] (16.21)
and
I
(2) mn
RMN = [(−1)(M+N)RDRR mnMN + T SMN R mnSR ]
− (−1)NR(R→ N, N → R, M →M in the first bracket)
+ (−1)(N+R)M (M → N, N → R, R→M in the first bracket) = 0(16.22)
It can be shown that if I
(1) F
MNR holds then I
(2) mn
RMN is automatically satisfied. This
result holds in the presence of constraints on T RMN and R
mn
MN and is a consequence of
the restricted tangent space choice. We refer to this as Dragon’s theorem [71]. For all
fermionic indices we find that
I NABC = −DAT NBC + T SAB T NSC +R NABC −DCT NAB + T SCA T NSB
+R NCAB −DBT NCA + T SBC T NSA +R NBCA = 0 (16.23)
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and for fermionic indices with one bosonic index
I NABr = −DAT NBr + T SAB T NSr +R NABr −DrT NAB + T SrA T NSB
+R NrAB +DBT
N
rA − T SBr T NSA −R NBrA = 0 (16.24)
while
I NAnr = −DAT Nnr + T sAn T Nsr +R NAnr −DrT NAn + T srA T Nsn
+R NrAn −DnT NrA + T snr T NsA +R NnrA = 0 (16.25)
Clearly one can replace any undotted index by a dotted index and the signs remain the
same. We recall that for rigid superspace all the torsions and curvatures vanish except for
T n
AB˙
= −2i(σn)AB˙. Clearly this is inconsistent with an OSp(4, 1) tangent space group.
The dimensions of the torsions and curvature can be deduced from the dimensions of
DN . If F and B denote fermionic and bosonic indices respectively then
[DF ] =
1
2
; [DB] = 1 (16.26)
and
[T BFF ] = 0; [T
F
FF ] = [T
B
FB ] =
1
2
[T FFB ] = [T
B
BB ] = 1; [T
F
BB ] =
3
2
(16.27)
while
[R mnFF ] = 1; [R
mn
FB ] =
3
2
; [R mnBB ] = 2 (16.28)
It is useful to consider the notion of the geometric dimension of fields. This is the dimension
of the field as it appears in the torsions and curvature. Such expressions never involve κ
and as they are nonlinear in certain bosonic fields, such as the vierbien e nµ , these fields
must have zero geometric dimensions. The dimensions of the other fields are determined
in relation to e nµ to be given by
[e nµ ] = 0 [ψ
α
µ ] =
1
2
[M ] = [N ] = [bµ] = 1 (16.29)
These dimensions can,for example, be read of from the supersymmetry transformations.
These dimensions differ from the canonical assignment of dimension by one unit. The
difference comes about as we have absorbed factors of κ into the fields.
4.2.2 On-shell Derivation of N = 1 D = 4 Superspace Supergravity
Having set up the appropriate geometry of superspace we are now in a position to
derive on-shell N = 1 D = 4 supergravity using its superspace setting and solely from a
knowledge of the on-shell states of a given spin in the irreducible representation. The result
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is derived by using dimensional analysis and the Bianchi identities in superspace discussed
above. We now illustrate this procedure for N = 1 supergravity. It was this method that
was used [111] to find the full equations of motion in superspace and in x-space of IIB
supergravity.
The on-shell states are represented by hµν (hµν = hνµ) and ψ
α
µ which have the gauge
transformations
δhµν = ∂µξν + ∂νξµ
δψµα = ∂µηα (16.115)
We have omitted the nonlinear terms, as only the general form is important. The geometric
dimension of hµν is zero while that of ψ
α
µ is one half. The lowest dimension gauge covariant
objects are of the form
∂ψ and ∂∂h (16.116)
which have dimensions 3/2 and 2 respectively.
Consider now the super torsion and curvature; these objects at θ = 0 must correspond
to covariant x-space objects. If there is no such object then the corresponding tensor must
vanish at θ = 0 and hence to all orders in θ. The only dimension-0 tensors are T nAB and
T n
AB˙
. There are no dimension-0 covariant objects except the numerically invariant tensor
(σn)AB˙ . Hence, we must conclude that
T nAB = 0 T
n
AB˙
= c(σn)AB˙ (16.117)
where c is a constant. We choose c 6= 0 in order to agree with rigid superspace. The reality
properties of T n
AB˙
imply that c is imaginary and we can normalize it to take the value
c = −2i.
There are no dimension-12 covariant tensors in x-space and so
T C˙
AB˙
= T CAB = T
n
Am = 0 (16.118)
There are no dimension-1 covariant objects in x-space. This would not be the case if one
had an independent spin connection, w rsµ , for ∂e+w+ . . . would be a covariant quantity.
When w rsµ is not an independent quantity it must be given in terms of e
n
µ and ψ
α
µ in such
a way as to render the above dimension-1 covariant quantity zero. Hence, for a dependent
spin connection, i.e., in second-order formalism, we have
T B˙nA = T
B
nA = R
mn
AB = 0 = R
mn
AB˙
(16.119)
In other words, every dimension 0-, 12−, 1- torsion and curvature vanishes with the excep-
tion of T n
AB˙
= −2i(σn)AB˙.
The reader who is familiar with the off-shell constraints for N = 1 supergravity can
compare them with the on-shell constraints found here. The set of constraints of off-shell
supergravity is given in Section 16.2 of reference [0]. We find that that the extra constraints
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are T BnA = T
B˙
nA = 0 = R
AB
AB . In terms of the superfields R, W(ABG) and GAB˙ this is
equivalent to
R = GAB˙ = 0
Returning to the on-shell theory. The dimension 3/2 tensors can involve at θ = 0 the
spin 3/2 object ∂ψ and so these will not all be zero. The only remaining non-zero tensors
are T Amn , R
mn
Ar and R
mn
st and of course T
n
AB˙
= −2i(σn)AB˙. However, the previous
constraints of Eqs. (16.117)-(16.119) are sufficient to specify the entire theory, as we will
now demonstrate. The first nontrivial Bianchi identity has dimension 3/2 and is
I C˙
nBD˙
= −DnT C˙BD˙ + T FnB T C˙F D˙ +R C˙nBD˙ +DD˙T C˙nB − T FD˙n T C˙FB
−R C˙
D˙nB
−DBT C˙D˙n + T F˙BD˙ T C˙Fn +R C˙BD˙n = 0 (16.120)
Using the above constraints this reduces
−2i(σm)BD˙T C˙mn −R C˙nBD˙ = 0 (16.121)
Tracing on D˙ and C˙ then yields
(σm)BD˙T
D˙
mn = 0 (16.122)
This is the Rarita-Schwinger equation as we will demonstrate shortly.
The spin 2 equation must have dimension two and is contained in the I ABmn Bianchi
identity.
I ABmn = −DBT Amn + T FBm T AFn +R ABmn −DnT ABm + T FnB T AFm
+R AnBm −DmT AnB + T Fmn T AFB +R AmnB = 0 (16.123)
Application of the constraints gives
−DBT Amn + T AmnB = 0 (16.124)
On contracting with (σm)B˙A we find
(σm)B˙ADBT
A
mn = 0 = R
A
mnB (σ
m)B˙A (16.125)
Using the fact that R AmnB = −14R pqmn (σpq) AB yields the result
Rmn − 1
2
ηmnR = 0
or
Rmn = 0 where Rmn = R
s
msn (16.126)
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We now wish to demonstrate that these are the spin 3/2 and spin 2 equations. The θ = 0
components of E nµ and E
A
µ are denoted as follows:
E nµ (θ = 0) = e
n
µ , E
A
µ (θ = 0) =
1
2
ψ Aµ (16.127)
At this stage the above equation is simply a definition of the fields e nµ and ψ
A
µ . The
θ = 0 components of E nA may be gauged away by an appropriate super general coordinate
transformation. As
δE nA (θ = 0) = ξ
Π∂ΠE
n
A |θ=0 + ∂AξΠE nΠ |θ=0 = . . .+ ∂Aξµe nµ + . . . (16.128)
we may clearly choose ∂Aξ
µ so that E nA = 0. Similarly we may choose
E B˙
A˙
= δ B˙
A˙
, E BA = δ
B
A , E
B˙
A = 0 (16.129)
To summarize
E mΠ (θ = 0) =

 e
n
µ
1
2ψ
A
µ
1
2ψ
A˙
µ
0 δ AB 0
0 0 δ A˙
B˙

 (16.130)
For the spin connection Ω mΠ we define
Ω mnµ (θ = 0) = w
mn
µ (16.131)
and we use a Lorentz transformation to gauge
Ω mnα (θ = 0) = 0 (16.132)
At θ = 0 we then find
T A˙µν = −
1
2
∂µψ
A˙
ν + Ω
A˙
µν − (µ↔ ν) = −
1
2
ψ A˙µν (16.133)
where
ψ A˙µν ≡ Dµψ A˙ν − (µ↔ ν)
and
Dµψ
A˙
ν = ∂µψ
A˙
ν − ψ B˙ν w A˙µB˙ (16.134)
Here we have used the results
Ω A˙µν = E
N
ν w
A˙
µN =
1
2
ψ B˙ν w
A˙
µB˙
(16.135)
The torsion with all tangent indices is given in terms of T A˙µν by the relation
T A˙µν (θ = 0) = E
N
µ (θ = 0)E
M
ν (θ = 0)T
A˙
NM (θ = 0)(−1)NM
= e nµ e
m
ν T
A˙
nm (θ = 0) (16.136)
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where we have used the constraints T A˙Bn = T
A˙
B˙C
= 0. Consequently
0 = (σm)AB˙T
B˙
mn (θ = 0) = −
1
2
(σm)AB˙e
µ
m e
ν
n ψ
B˙
µν (16.137)
and we recognize the Rarita-Schwinger equation on the right-hand side.
Actually to be strictly rigorous we must also show that w mnµ is the spin connection
given in terms of e nµ and ψ
A
µ . In fact, this follows from the constraint T
r
nm = 0. We note
that
T rµν (θ = 0) = −∂µe rν + w rµν − (µ↔ ν) (16.138)
However,
T rµν (θ = 0) = E
N
µ (θ = 0)E
M
ν (θ = 0)T
r
NM (θ = 0)(−1)MN
− 1
4
ψ Aµ ψ
B˙
ν T
r
AB˙
(θ = 0)− ψ B˙µ ψ Aν T rB˙A(θ = 0)
= +
1
2
iψ B˙ν (σ
r)AB˙ψ
A
µ − (µ↔ ν) (16.139)
Consequently we find that
w mµn e
n
ν − ∂νe mµ − (µ↔ ν) = +
i
2
ψ B˙ν (σ
m)AB˙ψ
A
µ − (µ↔ ν) (16.140)
which can be solved in the usual way to yield the correct expression for w mµn .
The spin 2 equation is handled in the same way:
R mnµν (θ = 0) = ∂µw
mn
ν + w
mr
µ w
n
νr − (µ↔ ν) (16.141)
However
R nmµν (θ = 0) = E
N
µ (θ = 0)E
M
ν (θ = 0)R
mn
NM (θ = 0)(−1)mN
= e pµ e
q
ν R
nm
pq (θ = 0) +
1
2
(
ψ A˙µ e
p
ν R
nm
A˙p
+ ψ Aµ e
p
ν R
nm
Ap (θ = 0)− (µ↔ ν)
)
(16.142)
The object R nmAp can be found from the Bianchi identity I
s
Anr
0 = I sAnr = −DAT snr + T FAn T sFr +R sAnr −DrT sAn + T FrA T sFn
+R srAn −DnT srA + T Fnr T sFA +R snrA (16.143)
Using the constraints we find that
R sAnr +R
s
rAn = +2iT
B˙
nr (σ
s)AB˙ (16.144)
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From Eq. (16.137) we find that
R sAnr +R
s
rAn = −i(σs)AB˙e µn e νr ψ B˙µν (16.145)
Contracting Eq. (16.142) with eνm we find
e νmR
nm
µν (θ = 0) ≡ R nµ = e pµ R nmpm +
1
2
(ψ Aµ R
nm
Am + ψ
A˙
µ R
nm
A˙m
) (16.146)
Equation (16.145) then gives
e pµ R
nm
pm = R
n
µ −
(
i
2
ψ Aµ (σ
m)AB˙e
λ
m e
nτψ B˙λτ + h.c.
)
(16.147)
Equation (16.126) (Rmn = 0) then yields the spin 2 equation of N = 1 supergravity, which
is the left-hand side of the above equation.
At first sight it appears that the task is not finished; one should also analyze all
the remaining Bianchi identities and show that they do not lead to any inconsistencies.
However, it can be shown that the other Bianchi identities are now automatically satisfied
[71,82].
4.3 Gauging of Space-time Groups
It has been know for many years that Einstein’s theory of general relativity contains
a local Lorentz symmetry. When the action is expressed in firstorder formalism the spin-
connection is the gauge field and the Riemann tensor the field strength for Lorentz group
[114]. It was only in reference [18] that a space-time group was gauged and general relativity
theory was deduced from a gauge theory viewpoint. In fact, reference [18] gauged the
super Poincae´ group and deduced the supergravity theory from this view point. It is
straightforward to restrict the calculation to that for the Poincae´ group and deduce just
general relativity. Of course at that time supergravity had been constructed [14],[15], but
the gauging proceedure provided the first analytical proof [18] of its invariance under local
supersymmetry. The theory of supergravity with a cosmological constant by gauging the
the super de Sitter group was independently found in reference [113].
Let us consider gauging the N = 1 super Poincae´ group; corresponding to the gen-
erators Jab, Pa and Q
α we introduce the gauge fields wabµ , e
a
µ and Qµα which will become
the spin-connection, the vierbein and gravitino. It is straightforward to calculate the field
strengths Rabµν , C
a
µν and φµνα and the gauge transformations of the gauge fields. Super-
gravity is not the gauge theory of the super Poincae´ group in an obvious way and we must
proceed by setting the field strength Caµν associated to translations to zero. We now con-
struct an action to the appropriate order in derivatives that is invariant under the gauge
transformations of the super Poincae´ group subject to the constraint Caµν . In particular,
we start from the most general action which is first-order in the field strengths i.e.
∫
d4x ǫµνρλ(ǫabcde
a
µe
b
νR
cd
ρλ + if ψ¯µγ5γνφρλ).
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The constant f is readily fixed by demanding the invariance of this action. Hence, we
rapidly arrive at the supergravity action. In fact the constraint Caµν = 0 is just that required
to correctly express the spin-connection in terms of the vierbein and gravitino, that is to go
from first- to second-order formalism. The constraint is also just that required to convert
gauge transformations associated with translations into general coordinate trasformations.
When carrying out the variation of the action subject to the constraint the variation
of the spin-connection is irrelevant, since its variation multiplies its equation of motion
which vanishes due to the constraint Caµν = 0. However, this constriant is none other
than the condition for expressing the spin-connection in terms of the vierbein, that is the
transition to second-order formalism. Thus the invarinace of the above action subject to
the constraint provides an analytical proof of the invariance of supergravity under local
supersymmetry [18],[19]. This way of proceeding became known as the 1.5-order formalism
and it is reviewed in chapter 10 of reference [0].
The construction of the theories of conformal supergravity were carried out using
this gauging method [118]. The key to getting the gauge method to work is to guess the
appropriate constraints. However, since these constraints break the original gauge trans-
formations they are not always easy to find. Much effort has been devoted to developing
the method discussed into a systematic procedure. One such work was that of reference
[115] where the full gauge symmetry was realised, but was spontaneously broken.
The gauge techninque has not been used to construct the theories of supergravity in
ten and eleven dimensions and it may be instructive to derive them using this method. It
cannot be a coincidence that gravity and supergravity admit such simple formulations as
a gauge theories and this connection suggests that there is something to be understood at
a deeper level.
5. Eleven-dimensional Supergravity
In this section, we give the eleven-dimensional supergravity theory and describe its
properties. Eleven dimensional supergravity is thought to be the low energy effective action
of a new kind of theory called M theory which is believed to underlie string theory. Little
is known about M theory apart from its relation to eleven dimensional supergravity.
The non-trivial representation of the Clifford algebra in eleven dimensions is inherited
from that in ten dimensions and so has dimension 2
10
2 = 32. We also inherit the properties
ǫ = 1 and so BT = B and C = −CT which were discussed in section one. The resulting
properties of the γ matrices are given in equations (1.4.6) and (1.4.8).
Eleven-dimensional supergravity is based on the D = 11 supersymmetry algebra with
Majorana spinor Qα which has 32 real components. As we discussed in chapter two the
algebra takes the form [117]
{Qα, Qβ} = (γmC−1)αβPm + (ΓmnC−1)αβZmn + (ΓmnpqrC−1)αβZmnpqr (5.1)
where Pm is the translation operator and Zmn and Zmnpqr are central charges. Although
these play little apparent role in the construction of the supergravity theory they are very
important in M theory.
Eleven dimensions is the maximal dimension in which one can have a supergravity
theory [105]. By a supergravity theory we mean a theory with spins two and less. This
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observation follows from the study of the massless irreducible representations of supersym-
metry, which can be deduced in a straightforward way from the relevant supersymmetry
algebras. The irreducible representations of the four-dimensional supersymmetry algebras
were given in section three. We found that the maximal supergravity theory in four di-
mensions corresponded to N = 8 supersymmetry. This is the algebra with eight Majorana
supercharges, each of which has four real components. In fact, this theory can be obtained
the eleven dimensional supergravity theory by dimensional reduction.
We now explain this result and show that it implies that a supergravity theory can
live in at most eleven dimensions. The four dimensional result follows in an obvious way
from the fact that in the massless case from each four component supercharge only two of
the components act non-trivially on the physical states. Further, these two components
form a Clifford algebra, one of which raises the helicity by 1/2 and one of which lowers
the helicity by 1/2. Choosing the supercharges that raises the helicity to annihilate the
vacuum, the physical states are given by the action of the remaining supercharges. If the
supersymmetry algebra has N Majorana supercharges, the physical states are given by
the action of N creation operators each of which lowers the helicity by 1/2. Consequently,
if we take the vacuum to have helicity two the lowest helicity state in the representation
will be 2 − N2 . To have a supergravity theory we cannot have less than helicity −2 and
hence the limit N ≤ 8. Given a supergravity theory in a dimension greater than four
we can reduce it in a trivial way by taking all the fields to be independent of the extra
dimensions, to find a supergravity theory in four dimensions. However, the number of
supercharges is unchanged in the reduction and so the maximal number is 4 × 8 = 32.
Hence the supergravity in the higher dimension must arise in a dimension whose spinor
representation has dimension 32 or less. Thus we find the desired result; eleven dimensions
is the highest dimension in which a supergravity theory can exist. It also follows that any
supergravity theory must have 32, or fewer supercharges and that the maximal, or largest,
supergravity theory in a given dimension has 32 supercharges.
The irreducible representation, or particle content, of eleven dimension supergravity
was found in reference [105] by analysing the irreducible representations of the supersym-
metry algebra of equation (5.1). One could also deduce it by requiring that it reduce to
the irreducible representation of the four-dimensional N = 8 supergravity theory given in
section three. We now give a more intuitive argument for the particle content.
Eleven-dimensional supergravity must be invariant under general coordinate trans-
formations (i.e. local translations) and local supersymmetry transformations. To achieve
these symmetries it must possess the equivalent ”local gauge” fields, the vielbein eaµ and
the gravitino ψµα. The latter transforms as δψµα = ∂µηα + . . . and so must be the same
type of spinor as the supersymmetry parameter which in this case is a Majorana spinor.
For future use we now give the on-shell count of degrees of freedom of the graviton and
gravitino in D dimensions. The relevant bosonic part of the little group which classifies
the irreducible representation is SO(D − 2). The graviton encoded in eaµ is a second-rank
symmetric traceless tensor of SO(D − 2) and as such has 12 (D − 2)(D − 1)− 1 degrees of
freedom on-shell. The gravitino has (D − 3)cr real components. Here c is the dimension
of the Clifford algebra in dimension D − 2 and so is given by c = 2D2 −1 if D is even and
c = 2
(D−1)
2 −1 if D is odd. The quantity r is 2,1 or 1/2 if ψµα is a Dirac, Majorana or
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Majorana-Weyl spinor respectively. In terms of little group representations, the gravitino
is a vector spinor φi, i = 1, . . . , D − 2 which is γ-traceless γiφi = 0,. A general vector
spinor in D − 2 dimensions has (D − 2)cr components, but the γ-trace subtracts another
spinor’s worth of components (i.e. cr).
For eleven dimensions we find that the graviton and gravitino have 44 and 128 de-
grees of freedom on-shell. However, in any supermultiplet of on-shell physical states the
fermionic and bosonic degrees of freedom must be equal. Assuming that there are no
further fermionic degrees of freedom we require another 84 bosonic on-shell degrees of free-
dom. If we take these to belong to an irreducible representation of SO(9) then the unique
solution would be a third rank anti-symmetric tensor. This can only arise from a third
rank gauge field Aµ1µ2µ3 whose fourth rank gauge field Fµ1µ2µ3µ4 ≡ 4∂[µ1Aµ2µ3µ4], the anti-
symmetry being with weight one. We note that in D dimensions a rank p anti-symmetric
gauge field belongs to the anti-symmetric rank p tensor representation of SO(D − 2) and
so has (D−2)...(D−p−1)
p!
degrees of freedom on-shell.
The eleven-dimensional supergravity Lagrangian was constructed in reference [106]
and is given by
L = − e
4κ2
R
(
Ω(e, ψ)
)− e
48
Fµ1...µ4F
µ1...µ4 − ie
2
ψ¯µΓ
µν̺Dν
(
1
2
(Ω + Ωˆ)
)
ψ̺
+
1
192
eκ(ψ¯µ1Γ
µ1...µ6ψµ2 + 12ψ¯
µ3Γµ4µ5ψµ6)(Fµ3...µ6 + Fˆµ3...µ6)
+
2κ
(12)4
ǫµ1...µ11Fµ1...µ4Fµ5...µ8Aµ9µ10µ11 (5.2)
where
Fµ1...µ4 = 4∂[µ1Aµ2µ3µ4]
Fˆµ1...µ4 = Fµ1...µ4 − 3ψ¯[µ1Γµ2µ3ψµ4], (5.3)
and
Ωµmn = Ωˆµmn − i
4
ψ¯νΓ
νλ
µmn ψλ,
Ωˆµmn = Ω
0
µmn(e) +
i
2
(ψ¯νΓnψm − ψ¯νΓmψn + ψ¯nΓµψm) (5.4)
The symbol Ω0µmn(e) is the usual expression for the spin-connection in terms of the vielbein
enµ which can be found in section four.
It is invariant under the local supersymmetry transformations
δemµ = −iκǫ¯Γmψµ
δψµ =
1
κ
Dµ(Ωˆ)ǫ+
i
122
(Γ ν1...ν4µ − 8δν1µ Γν2ν3ν4)Fν1...ν4ǫ
δAµ1µ2µ3 =
3
2
ǫ¯Γ[µ1µ2ψµ3]
(5.5)
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Although the result may at first sight look complicated most of the terms can be
understood if one were to consider constructing the action using the Noether method. In
this method, which we discussed in chapter four, we start from the linearized theory for
the graviton, the gravitino and the gauge field Aµ1µ2µ3 . The linearized action is bilinear
in the fields and is invariant under a set of rigid supersymmetry transformations which are
linear in the fields as well as the local Abelian transformations δψµα = ∂µηα, Aµ1µ2µ3 =
∂[µ1Λµ2µ3] as well as an appropriate analogous transformation for the linearised vielbein.
The linearised supersymmetry transformations are found by using dimensional analysis
and closure of the linearised supersymmetry algebra. We now let the rigid supersymmetry
parameter ǫ depend on space-time and identify the two spinor parameters by ηα =
1
κ
ǫα.
We know that the final result will be invariant under general coordinate transformations
and so we may at each step in the Noether procedure insert the vielbein in all terms so
as to ensure this invariance. Even at this stage in the Noether procedure we recover all
the terms in the transformations in the fields given above in equation (5.5) except for
some of the terms in the spin-connection Ωˆ. For the action, we find all the terms except
the last two terms and again some terms in the spin-connection of the gravitino. The
action at this stage is not invariant under the now local supersymmetry transformations
and as explained in chapter four we can gain invariance at order κ0 by adding a term of
the form ψ¯µαjµα where jµα is the Noether current for the supersymmetry of the linearised
theory. This term is none other than the second to last term in the above action. To gain
invariance to order κ1 we must cancel the variations of this second to last term under the
supersymmetry transformation. This is achieved if we add the last term to the action.
Hence even at this stage in the procedure we have accounted for essentially all the terms
in the action and transformation laws. While one can pursue the Noether procedure to
the end, to find the final form of the action and transformations laws, it is perhaps best to
guess the final form of the connection and verify that the action is invariant and the local
supersymmetry transformations close.
The eleven-dimensional action contains only one coupling constant, Newton’s constant
κ, which has the dimensions of mass−
9
2 and so defines a Planck mass mp by κ = m
− 92
p .
We note that there are no scalars in the action whose expectation value could be used to
define another coupling constant. If we scale the fields by ψµ → κ−1ψµ and Aµ1µ2µ3 →
κ−1Aµ1µ2µ3 we find that all factors of κ drop out of the action except for a prefactor of
κ−2 and all factors of κ drop out of the supersymmetry transformation laws. As such,
when expressed in terms of these variables, the classical field equations do not contain κ.
In fact, the value of the coupling constant κ has no physical meaning. One way to see
this fact is to observe that if, after carrying out the above redefinitions, we Weyl-scale the
fields by
emµ → e−αemµ , ψµ → e−
α
2 ψµ, and, Aµ1µ2µ3 → e−3αAµ1µ2µ3 (5.6)
as well as scale the coupling constant by κ → e− 9α2 κ, we then find that the action is
invariant. In deriving this result we used the equation
R(eτemµ ) = e
−2τ (R(emµ ) + 2(D − 1)DµDµτ + (D − 1)(D − 2)gµν∂µτ∂ντ) (5.7)
where R is the Ricci tensor in dimension D. Of course this is not a symmetry of the action
in the usual sense as we have rescaled the coupling constant. However, as the coupling
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constant only occurs as a prefactor multiplying the entire action, it is a symmetry of the
classical equations of motion. Hence, we can only specify the value of the constant κ with
respect to a particular metric. These transformations are not a symmetry of the quantum
theory where, in the path integral, the prefactor of κ−2 which multiplies all terms in the
action becomes κ−2h¯ where h¯ is Planck’s constant. In this case we can absorb the rescaling
either in κ or h¯. The above Weyl scaling of the vielbein implies that the proper distance d2s
scales as d2s → e−αd2s. Taking the scaling to be absorbed by h¯ we find that h¯ → e−9αh¯
and so small proper distance corresponds to small h¯. Put another small κ, or equivalently
h¯, is the same as working at small proper distance.
Although we have constructed the supergravity theories in ten and eleven dimensions
in this section we have omitted many of the significant formulae, such as the supersymmetry
transformations. Since these are contained in the original papers [105],[106],[107][108][109]
on the subject, we have used the same metric as in these papers, that is the tangent
space metric ηmn = diag(+1,−1, . . . ,−1). Since many practitioners nowadays prefer the
other signature we now give the rules to change to the tangent space metric which is
mainly plus i.e. ηnm = diag(−1, 1, . . . , 1). To go to the latter metric we must take
ηnm → −ηnm, γa → iγa, enµ → enµ. Using this rule it is easy to carry out the change. One
finds, for example, that gµν∂µσ∂νσ → −gµν∂µσ∂νσ and R→ −R.
6. IIA and IIB Supergravity
In this section we give the supergravity theories in ten dimensions which have the
maximal supersymmetry. There are two such theories, called IIA and IIB, and they are
the effective low energy actions for the IIA and IIB string theories respectively. We describe
the properties of these supergravity theories that are relavent for the string theories and
play an important role in string duality.
6.1 Supergravity Theories in Ten Dimensions
In ten dimensions the non-trivial representation of the Clifford algebra has dimension
2
10
2 = 32. As we found in section one the matrices B and C associated with the complex
conjugation and transpose of the γ-matrices obey the properties BT = B and C = −CT
(i.e. ǫ = 1). The properties of the γ matrices are given in equations (1.2.16) and (1.2.17).
In ten dimensions a Majorana spinor has 32 real components, however, we can also have
Majorana-Weyl spinors and these only have 16 real components.
The supersymmetry algebra for a single Majorana-Weyl supercharge which has 16
real components is given in equation (1.5.4). There are two supersymmetric theories that
are based on this algebra, the so called N = 1 Yang-Mills theory [119] and the N = 1
supergravity theory [120] which is more often called type I supergravity. The coupling
between the two theories was given in references [121].
In the discussion at the beginning of section five we found that a supergravity theory
can be based on a supersymmetry algebra with 32 or fewer supercharges. If we consider
the supersymmetry algebra with a 32 component Majorana spinor we find the IIA super-
gravity theory which was constructed in references [107],[108] and [109]. Clearly, when we
decomposed the Majorana spinor into Majorana-Weyl spinors we get two such spinors: one
of each chirality. The other ten-dimensional supersymmetry algebra with 32 supercharges
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has two Majorana-Weyl spinors of the same chirality and the corresponding supergrav-
ity is IIB supergravity. This theory was constructed in references [110],[112] and [111].
Unlike the other supergravity theories in ten dimensions IIB supergravity has an internal
symmetry which is the group SL(2,R) [110].
Upon reduction of eleven-dimensional supergravity to ten dimensions by taking the
eleventh dimension to be a circle we will obtain a ten-dimensional theory that possesses a
supersymmetry algebra based on a 32 component Majorana supercharge which decomposes
into two Majorana-Weyl spinors of opposite Weyl chiralities. Thus the resulting theory
can only be IIA supergravity. Indeed, this was how IIA supergravity was found [107],[108]
[109].
The importance of the IIA and IIB supergravity theories, which was the main mo-
tivation for their construction, is that they are the low energy effective theories of the
corresponding IIA and IIB closed string theories in ten dimensions. Type I supergravity
coupled to N = 1 Yang-Mills theory is the effective action for the low energy limit of the
E8 ⊗E8 or SO(32) heterotic string. All these supergravity theories were constructed at a
time when string theory was deeply unpopular and when it did become fashionable little
interest was taken in supergravity theories. However, they now form the basis for many of
the discussions of duality in string theories.
6.2 IIA Supergravity
As we have mentioned, this theory is based on a supersymmetry algebra which contains
one Majorana spinor Qα α = 1, . . . , 32. Following the discussion of section 2.5, we conclude
that the anti-commutator of two supersymmetry generators can have central charges of
rank p where p = 1, 2; mod 4 and so the corresponding anti-commutator is given by [117]
{Qα, Qβ} = (γmC−1)αβPm + (γmnC−1)αβZmn + (γm1...m5C−1)αβZm1...m5
+(γm1...m4γ11C
−1)αβZm1...m4 + (γ
mγ11C
−1)αβZm + (γ11C
−1)αβZ (6.2.1)
We need only take p ≤ 5 since we may use the equation
γm1...msγ11 =
1
(10− s− 1)!ηǫ
m1...msms+1...m10γms+1...m10 , (6.2.2)
where η = ±1, to eliminate terms with p ≥ 6.
The IIA theory was obtained in references [107],[108] and [109] from theD = 11 theory
by compactification and this is the method of construction we now follow. We consider
the eleven-dimensional supergravity of equation (5.2) and take the eleventh dimension to
be a circle S1 of radius R. To be precise, we take the eleventh coordinate x10 to be such
that x10′ ∼ x10 if x10′ = x10 + 2πnR, n ∈ Z where 2πR parameterizes the range of x10.
We will also write x10 as x10 = θR for 0 ≤ θ < 2π. We adopt the convention that hatted
indices run over all eleven dimensional indices, but unhatted indices only run over the ten
dimensional indices, for example µˆ, νˆ = 0, 1, . . . , 10 while µ, ν = 0, 1, . . . , 9. Given any of
the fields in the eleven-dimensional supergravity we can take its Fourier transform on x10.
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In particular, if φ represents any of these fields whose Lorentz and possible spinor indices
are suppressed, we find that
φ(xµ, x10) = φ(xµ) +
∑
n,n6=0
einθφn(x
µ) (6.2.3)
Thus from each particle in ten dimensions we find an infinite number of particles in ten
dimensions. The non-zero modes (i.e. n 6= 0), however, will lead to massive particles whose
masses are given by their momentum in the eleventh direction. Such massive particles are
called Kaluza-Klein particles. In the limit when the radius of the circle is large these
particles become infinitely massive and can be neglected, whereupon one is left with a
finite set of massless particles which form a supergravity theory. Discarding the massive
particles can be achieved by taking all the eleven-dimensional fields to be independent of
x10 and this we now do.
This reduction proceeds in the following generic manner
D = 11 e mˆµˆ Aµˆ1µˆ2µˆ3 ψµˆα
↓ ↓ ↓
D = 10 e mµ , Bµ, φ Aµ1µ2µ3 , Aµ1µ2 ψµα, λα
(6.2.4)
While one can reduce the fields in many ways only some definitions of the ten-dimensional
fields will lead to a final result which is in the generic form in which a supergravity theory
is usually written. The three-form gauge field reduces in an obvious way Aµ1µ2µ3 =
Aµ1µ2µ3 , Aµ1µ2 = Aµ1µ210 where µ1, µ2µ3 = 0, 1 . . .9. However, the useful reductions for
the other fields are more subtle; the vielbein takes the form
e mˆµˆ =
(
e−
1
12σe mµ 2e
2
3σBµ
0 e
2
3σ
)
, (e−1) µˆmˆ =
(
e
1
12σe µm −2e
1
12σBν(e
−1) νm
0 e−
2
3σ
)
(6.2.5)
while the eleven-dimensional gravitino becomes
ψmˆ = (e
− 124σeµmψ
′
µ,
2
3
√
2e
17
24σλ) (6.2.6)
where ψ′µ = e
− 124σ(ψµ −
√
1
72
ΓµΓ
11λ) −
√
32
9
e
3
4σBµλ and Γ
11 = iΓ1 . . .Γ10. The above
formulae and those below are related to those of reference [107] by carrying out the trans-
formation σ → 23σ on the latter.
The field Bµ is a gauge field whose gauge transformation has a parameter that came
from the general coordinate transformations with parameter ξ10 in the eleven-dimensional
theory. The component e mµˆ=10 of the vielbein can be chosen to be zero as a result of a local
Lorentz transformation wm10. The strange factors involving e
σ and other redefinitions are
required in order to get the usual Einstein and spinor kinetic energy terms. The ten-
dimensional Newtonian coupling constant κ is given in terms of the eleven-dimensional
Newtonian constant κ11 by κ
2 = (κ11)
2
2πR and has the dimensions of (mass)
−8. This equation
follows from examining the κ that results from the-dimensional reduction. We have set
κ = 1 in this section.
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The resulting ten-dimensional IIA supergravity theory is given by
L = LB + LF (6.2.7)
where the first term contains all the terms which are independent of the fermions and the
second term is the remainder. The bosonic part is given by [107],[108],[109]
LB = −eR(w(e))− 1
12
ee
σ
2 F ′µ1...µ4F
′µ1...µ4 +
1
3
ee−σFµ1...µ3F
µ1...µ3
− ee 32σFµ1µ2Fµ1µ2 +
1
2
∂µσ∂
µσ
+
1
2 · (12)2 ǫ
µ1...µ10Fµ1...µ4Fµ5...µ8Aµ9µ10
(6.2.8)
where
Fµ1µ2 = 2∂[µ1Bµ2] (6.2.9)
Fµ1µ2µ3 = 3∂[µ1Aµ2µ3] (6.2.10)
F ′µ1...µ4 = 4∂[µ1A
′
...µ4]
+ 12A[µ1µ2Gµ3µ4] (6.2.11)
In the last definition we have used the field A′µ1µ−2µ3 = Aµ1µ−2µ3 − 6B[µ1Aµ2µ3] which is
invariant under the gauge transformation with parameter ξ10. The fermionic part of the
Lagrangian is much more complicated and the first two terms are
LF = − i
2
eψµ1Γ
µ1µ2µ3Dµ2ψµ3 +
i
2
eλ¯ΓµDµλ+ . . . (6.2.12)
The transformations of the fields can be deduced in a similar fashion from the trans-
formation of eleven-dimensional fields of equation (5.1). For example, the veilbein and
dilaton transform as
δe mµ = −iǫ¯Γmψµ, δσ =
√
2iλ¯Γ11ǫ (6.2.13)
where ǫ is the suitably defined parameter of local supersymmetry transformations. We
refer the reader to references [107],[108] and [109] for the transformations of the other
fields and the terms in the fermionic part of the action.
The IIA action has an SO(1, 1) invariance with parameter c that transforms the fields
as
σ → σ + c, Bµ → e− 34 cBµ, Aµν → e 12 cAµν , Aµνρ → e− 14 cAµνρ (6.2.14)
while the vielbein in ten dimensions is inert. This symmetry has its origin in the eleven-
dimensional theory and in particular the Weyl scalings of equation (5.6) given in the
previous section. Although these are not a symmetry of the action in eleven dimensions
we can convert them into a symmetry of the action in ten dimensions provided we combine
them with a diffeomorphism on x10, in particular the diffeomorphism x10 → e−9αx10. To
keep the range of x10 the same we also scale R by R → e−9αR. This diffeomorphism is
a symmetry of the eleven dimensional theory and from the active viewpoint transforms∫
dx10 → e−9α ∫ dx10 and the Lagrangian L in eleven-dimensions Lagrangian to L→ e9αL.
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The theory in ten dimensions is obtained by substituting the field expansion of equation
(6.2.3) into the action in eleven-dimensions. However, the effect of the
∫
dx10 is just to
extract the part of the Lagrangian L in eleven dimensions that is independent of x10, which
then becomes the Lagrangain in ten dimensions and gives a factor of 2πR. The latter is then
combined with the factor κ−211 to define the ten-dimensional Newtonian coupling constant
κ−210 = 2πRκ
−2
11 . Clearly, the coupling constant κ10 in ten dimensions is inert under the
combined transformation as R → e−9αR under the diffeomorphism and κ−211 → e9ακ−211
under the Weyl scaling. Similarly the action in ten dimensions is inert as it scales by
e9α under the diffeomorphism and e−9α under the Weyl scaling. Thus we have found
that dimensional reduction has transformed a symmetry of the equations of motion into a
symmetry of the action.
An alternative way of writing the IIA Lagrangian is to use the so-called string metric
gsµν . This metric is the one that occurs in the sigma model approach to string theory which
starts with the sigma model action in two dimensions:
− 1
4πα′
∫
d2ξ(
√−ggαβ∂αxµ∂βxνgsµν + ǫαβ∂αxµ∂βxνAµν) +
1
4π
∫
d2ξσR(2) (6.2.15)
where R(2) is the curvature scalar in two dimensions . The fields Aµν and σ are the anti-
symmetric tensor gauge field and dilaton which appear in the massless string spectrum
and occur in the IIA action given above. The constant α′ has the dimensions of (mass)−2
and defines the mass scale ms of the string by m
2
s =
1
4πα′ . The combination in front of
the first two terms of the string action is often called the string tension T (i.e. T = 1
4πα′
).
One recovers the tree-level string equations and thus at lowest order in α′ we find the
supergravity equations of motion, by demanding conformal invariance. The corresponding
string vielbein es mµ is related to the above vielbein by e
s m
µ = e
1
4σe mµ .
The last term in the above sigma model action, for constant σ, takes the form < σ > χ
where χ is the Euler number and is given by χ = 14π
∫
d2ξR(2). For a closed Riemann
surface of genus g it is given by χ = 2− 2g.
Making this change in the bosonic part of the IIA Lagrangian of equation (6.2.8) and
dropping the ”s” superscript on the string vielbein we find that the Lagrangian becomes
LB = ee
−2σ{−R + 4∂µσ∂µσ − 1
3
Fµ1µ2µ3F
µ1µ2µ3}
+
{
− 1
12
eF ′µ1...µ4F
′µ1...µ4 − eFµ1µ2Fµ1µ2
}
+
2
122
ǫµ1...µ10Fµ1...µ4Fµ5...µ8Aµ9µ10 (6.2.16)
As we have mentioned, the IIA action is the lower energy limit of the IIA string
theory, which is obtained as the string tension goes to zero (i.e. α′ → ∞). In this limit
one is left with only the massless particles of the IIA supergravity theory. It will be very
useful to know how these particles arise in the IIA string. This closed string theory in
its formulation with manifest world surface supersymmetry, that is the Neveu-Schwarz-
Rammond formulation [7], has four sectors; the NS ⊗ NS, the R ⊗ R, R ⊗ NS and the
NS ⊗ R corresponding to the different boundary conditions that can be adopted for the
two dimensional spinor in the theory. Clearly, the NS⊗R and R⊗NS sectors contain the
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fermions while the NS⊗NS and the R⊗R sectors contain the bosons. It is straightforward
to solve the physical state conditions in these sectors and one finds that the bosonic fields
of the IIA supergravity arise as
eaµ, Aµν , σ︸ ︷︷ ︸
NS⊗NS
; Aµν̺, Bµ︸ ︷︷ ︸
R⊗R
; ψµα, λα︸ ︷︷ ︸
NS⊗R and R⊗NS
(6.2.17)
Looking at the IIA Lagrangian in the string frame of equation (6.2.16) we find that
all the fields that arise in the NS ⊗NS sector occur in a different way from those in the
R⊗R sector; While the former have a factor of e−2σ the latter do not have such a factor.
We will find the same phenomenon for the IIB string.
The IIA supergravity has two parameters. It has the Newtonian coupling constant
κ, which we have suppressed, and the parameter < eσ >. The IIA string also has two
parameters the string tension T , or equivalently the string mass scale ms, and the string
coupling constant gs. Since the low energy effective action of the string is IIA supergravity
these two sets of parameters must be related.
We first consider how the parameters arise in the string theory. In a second quantized
formulation of string theory, one finds that the action can be written in a way where
the string coupling only occurs as a prefactor of g−2s . Examples of such formulations
are the light-cone gauge action or the gauge covariant action. The parameter α′ only
occurs in these formulations through the masses of the the particles or equivalently the Ln
operators that occur in these formulations. In the path integral formulation, the action
becomes multiplied by h¯−1 and so we find that h¯ and gs only occur in the combination h¯g
2
s .
This situation is identical to the way in which the gauge coupling occurs in Yang-Mills
theory. The power of Planck’s constant measures the number of loops. Indeed if we have
any Feynman graph with n loops, I propagators and V vertices, the power of h¯ associated
with an n-loop graph is given by h¯(I−V ), since each vertex carries a power of h¯ and each
propagator an inverse power of h¯. Using the topological relation n = I − V +1, the power
of h¯ for a n-loop diagram becomes h¯(n−1). Our previous discussion then implies that each
n-loop diagram has a power g
(2n−2)
s associated with it.
Now let us examine how the parameters arise in the effective action. The first quan-
tized string action in two dimensions of equation (6.2.15) contains the dilaton σ multiplied
by the Euler number χ of the Riemann surface. A surface of genus n corresponds to a
n-loop string amplitude and so in the path integral of this action one finds a factor of
e(2n−2)<σ>. As a result, we conclude that the IIA string coupling and the expectation
value of the dilaton are related by gs =< e
σ > Since κ has the dimension of (mass)−4 it
must be proportional to (α′)2 and is given by the relation κ = (α′)2e<σ>.
We now finish our discussion of the IIA supergravity by reiterating some of the above
features that will be useful for discussions of string duality. The IIA supergravity theory
has the gauge fields σ,Bµ, Aµν , and Aµν̺. This means the IIA theory has gauge fields
of rank q where q = 1, 2, 3 and these have corresponding field strengths of rank q + 1 =
2, 3, 4. Given a field strength Fµ1...µq of rank q + 1 we can define a dual field strength by
Fµ1...µ(D−1−q) =
1
(q+1)!ǫµ1...µ10F
µD−q ...µ10 . Hence the duals of the above field strengths are
forms of rank q = 6, 7, 8. When the original field strengths are on-shell we can, at least
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at the linearized level write the dual field strengths in terms of dual gauge fields of ranks
5,6 and 7. Hence the IIA theory has gauge fields of ranks p=1,2,3,5,6,7 if we include the
dual gauge fields as well as the original ones. It is instructive to list the above gauge fields
according to the string sector in which they arise. In the NS ⊗ NS we find gauge fields
of ranks 2 and 6 while in the R ⊗ R sector we find gauge fields of ranks 1,3,5 and 7. We
observe that classifying the gauge fields according to the different sectors splits them into
fields of odd and even rank.
From equation (6.2.5) we read off the component of the vielbein associated with the
circle to be e 1010 = e
2
3<σ> with corresponding metric g10 10 = e
4
3<σ>. The parameter R
introduced into the defining range of the variable x10 has no physical meaning as it only
parametrizes the range of x10. However, from the metric we can compute the radius R11
of the circle in the eleventh dimension. We find that R11 = Re
2
3<σ>. We recall that the
string coupling is given by gs = e
<σ> and as a result we find that
gs =
(
R11
R
) 3
2
(6.2.18)
The above relationship between the radiusR11 of compactification of the eleven-dimensional
theory and the IIA string coupling constant implies in particular that as R11 →∞ we find
that gs → ∞. Thus in the strong coupling limit of the IIA string the radius of the circle
of compactification becomes infinite suggesting that the theory decompactifies [124].
We now consider some properties of the Kaluza-Klein modes which we have so far
ignored in the reduction from eleven dimensions. Their massess are given by the action of
(e−1) µˆ11∂µˆ = e
− 23σ∂11 where we have used equation (6.2.5). Examining the expansion of
equation (6.2.3) we find that the masses of Kaluza-Klein particles are given by n e
−
2
3
<σ>
R
for integer n. However, using the relationship between R and R11 given just above we find
that the masses of the Kaluza-Klein particles are given by n
R11
. The gauge field Bµ which
originated from the eleven-dimensional metric couples to the Kaluza-Klein particles in a
way which is governed by the derivative
(e−1) µˆm ∂µˆ = e
1
12σ(e−1) µm (∂µ − 2Bµ∂11)
where we have again used equation (6.2.5). As such, we find that the Kaluza-Klein particles
have charges given by 2n
R
for integer n. From the IIA string perspective, the Bµ field is
in the R ⊗ R sector and so the Kaluza-Klein particles couple with these charges to the
R ⊗ R sector. It turns out that the IIA supergravity possess solitonic particle solutions
that have precisely the masses and charges of the Kaluza-Klein particles [123]. Thus the
IIA supergravity and so in effect the IIA string knows about all the particle content of
the theory in eleven dimensions and not only the massless modes that arise after the
compactification.
It is these observations that underlie the conjecture [123],[124] that the strong coupling
limit of the IIA string theory is an eleven-dimensional theory, called M-theory, whose low
energy limit is eleven-dimensional supergravity.
6.3 IIB Supergravity
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The IIB supergravity was found in references [110],[111] and [112] using two different
methods. In reference [110], a variant, [126], of the Noether method was used: rather
than working with an action and transformation laws, one can just use the transforma-
tion laws. One begins with the rigid supersymmetry transformations and local Abelian
transformations of the linearised theory. Letting the supersymmetry parameter become
space-time dependent, the transformations laws no longer close; however we may still close
the supersymmetry algebra order-by-order in κ by adding terms to the transformation laws
provided we also identify the now local spinor parameter of the supersymmetry transfor-
mation with the spinor parameter that occurs in the local Abelian transformation of the
gravitino. In this way the supersymmetry transformations laws of the IIB theory and the
fact that the scalars belong to the coset SU(1, 1)/U(1) were found [110]. Using the fact
that the transformations laws only close on-shell this work was extended in reference [112]
to find the equations of motion in the absence of fermions. In the independent work of
reference [111] the full equations of motion in superspace and x-space were found using
the on-shell superspace techniques of section 4.2. The third-order terms of the IIB theory
were constructed for the light-cone gauge Hamiltonian in reference [125].
The strategy behind these calculations is explained in chapter 4 and although the
ideas are straightforward the calculations themselves are technically complicated to the
extend that they will not be reproduced here. Nonetheless we will describe the essential
features of the IIB theory so that the reader will grasp some of the ideas involved and gain
a feel for the IIB theory itself.
6.3.1 The Algebra
The IIB supergravity is based on a supersymmetry algebra whose two supercharges
Qiα, i = 1, 2; α = 1, . . . , 32 are Majorana-Weyl spinors of the same chirality. They therefore
obey the conditions
(Qiα)
∗
= Qiα, Γ11Q
i = Qi (6.3.1)
The supersymmetry algebra is given by
{Qiα, Qjβ} = (γµC−1)αβδijPµ + . . . (6.3.2)
where + . . . denote terms with central charges whose form the reader may readily find by
following the discussion at the end of section 1.5.
It is more useful to work instead with the complex Weyl supercharges Qα = Q
1
α+iQ
2
α,
Q¯α = Q
1
α − iQ2α = (Qα)∗ The supersymmetry algebra also contains a U(1) generator
denoted R (R† = −R) which acts on the supercharges as
[Qα, R] = iQα, [Q¯α, R] = −iQ¯α (6.3.3)
6.3.2 The Particle Content
The field content of the IIB theory is
e mµ , Aµν , a, Bµνρκ, ψµα, λα (6.3.4)
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The fields Aµν and a are complex while the gauge field Bµνρκ is real. The spinors are com-
plex Weyl spinors; the graviton ψµα is of the opposite chirality to λα, but has the same
chirality as the supersymmetry parameter ǫα. Recalling our discussion above equation
(5.2) we find that these fields lead to 35, 56, 2, 35 ,112 and 16 on-shell degrees of free-
dom respectively. The gauge field Bµ1µ2µ3µ4 defines the linearised five-rank field strength
gµ1µ2µ3µ4µ5 ≡ 5∂[µ1Bµ2µ3µ4µ5] which satisfies a self-duality condition. At the linearized
level this self-duality condition is given by
gµ1µ2µ3µ4µ5 =
1
5!
ǫµ1µ2µ3µ4µ5ν1ν2ν3ν4ν5g
ν1ν2ν3ν4ν5 ≡ ∗gµ1µ2µ3µ4µ5 (6.3.5)
Without the self-duality condition this gauge field corresponds to a particle that belongs
to the fourth-rank totally anti-symmetric representation of the little group SO(8). The
self-duality condition above corresponds to the constraint that this representation is self-
dual and hence the 35 degrees of freedom given above. Thus the supermultiplet of IIB
supergravity has 128 bosonic degrees of freedom and 128 fermionic degrees of freedom
on-shell.
Most of the fields of equation (6.3.4) transform under the U(1) transformations; their
R weights are 0,2,4,0,1 and 3 respectively. Clearly, real fields must have R weight zero and
the gravitino must have the opposite R weight as the supercharge Qα since δψµ = ∂µǫ.
Following the pattern of the standard action for gauge fields one may be tempted to
use the linearised action ∫
d10x gν1ν2ν3ν4ν5g
ν1ν2ν3ν4ν5 (6.3.6)
for the fourth-rank gauge field. However, if g is the five-form associated with the gauge
field, the above action is given by
∫
g∧ ∗g = ∫ g ∧ g = 0. This discussion can be rephrased
without using forms as follows: using the self-duality condition we can rewrite one of the
field strengths in terms of ∗g; swopping the indices on the ǫ symbol such that the last five
indices are at the beginning, we incur a minus sign; using the self-duality condition once
more we again find that the above action vanishes as its negative.
Clearly this result holds for any rank 2n+ 1 self-dual gauge field strength in a space-
time of dimension 4n + 2, n ∈ Z. Indeed there is no simple action for the fourth-rank
gauge field and so for the IIB theory itself. Although some actions have been suggested
there are reasons to believe that they do not correctly capture all the physics of the theory.
As a result we will content ourselves with deriving the equations of motion.
The IIB supergravity is the theory that describes the effective action of the low energy
limit of the IIB string. The massless fields in the IIB string being those that occur in the
IIB supergravity. To find the massless fields we must examine the physical state conditions
for the IIB string which, being a closed superstring, has in the Neveu-Schwarz- Rammond
formulation, the usual NS⊗NS, R⊗R, R⊗NS and NS⊗R corresponding to the possible
boundary conditions for the two dimensional spinor in the theory. Clearly, the last two
sectors contains the fermions while the NS⊗NS and the R⊗R sectors contain the bosons.
The bosons arise as
eaµ, A
1
µν , σ︸ ︷︷ ︸
NS⊗NS
A2µν , l, Bµνρτ︸ ︷︷ ︸
R⊗R
(6.3.7)
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where A1µν and A
2
µν , are real fields which make up the complex fields Aµν , and we replace
the complex scalar a by two real fields l and σ. The precise way in which these decompo-
sitions are defined will be specified later. The fact that the two rank-two gauge fields are
split between the NS⊗NS and R⊗R sectors has important consequences for discussions
of string duality. Since the physical state condition in the NS ⊗ NS sector are exactly
the same as in the IIA string we should not be surprised to find that this sector contains
exactly the same bosonic field content.
6.3.3 The Scalars
The gauge fields, the graviton and the gravitini possess gauge transformations as a
result of which they can only occur in gauge invariant quantities, which in the sense of
section 4, have geometric dimensions greater than zero. At first sight, this is not the case
for the scalars of the theory since they have geometric dimension zero. As we explained in
section, dimensional analysis plays an important role in the construction of supergravity
theories and as such it might seem that the role of the scalars in the theory is difficult to
determine. Fortunately, however, the scalars belong [110] to the coset space SU(1,1)
U(1)
and
as a consequence the way they can can occur in the theory is strongly constrained.
The use of coset spaces to describe scalar fields was described in reference [127]. Since
it is just as simple to describe the general theory [127] we will give the construction for a
general coset space. Let G be any group, H one of its subgroups and denote the coset space
by G/H. Let us consider any space-time dependent V ∈ G which is taken to transform as
V → gVh (6.3.8)
where h ∈ H is a local (i.e. space-time dependent) transformation and g ∈ G is a rigid
transformation. We may use the local H transformations to gauge away dimH scalar
fields leaving dimG − dimH scalar fields in V. The object Ωµ ≡ V−1∂µV belongs to the
Lie algebra of G and so can be written in the form
Ωµ = V−1∂µV = faµTa + wiµHi (6.3.9)
where Hi are generators of H and Ta are the remaining generators of G. The object
ωµ is invariant under the rigid transformations g ∈ G, but transforms under local H
transformations as
ωµ → h−1∂µh+ h−1ωµh (6.3.10)
The theory simplifies if we restrict ourselves to reductive cosets which are those for which
the commutator [Ta, Hi] can be written in terms of only the coset generators Ta. In this
case the above transformation rule implies that fµ ≡ faµTa → h−1fµh and wµ ≡ wiµHi →
h−1wµh + h
−1∂µh. We can think of f
a
µ as a vielbein on G/H defining a set of preferred
frames and wiµ as the connection associated with local H transformations.
An invariant Lagrangian is given by
ηµνTr(fµfν) (6.3.11)
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The corresponding equation of motion is given by
Dµf
µ
a = 0 (6.3.12)
where we have introduced the covariant derivative Dµfν ≡ ∂µfν + [wµ, fν ]. It is straight-
forward to verify that the above Lagrangian and equation of motion are invariant under
both local H transformations and rigid G transformations.
Let us work out the above expressions for the case of interest, namely for G = SU(1, 1)
and H = U(1). The group G = SU(1, 1) is the set of two by two matrices g of determinant
one which acts on the column vector
(
z1
z2
)
by
(
z1
z2
)
→ g
(
z1
z2
)
in such a way as to
preserve |z1|2 − |z2|2. The most general element of SU(1, 1) can be written in the form
U =
(
u v
v∗ u∗
)
(6.3.13)
subject to uu∗ − vv∗ = 1. An infinitesimal element of G = SU(1, 1) can therefore be
written in the form g = I + A where A is given by
A = −2iaˆσ3 + b1σ1 − b2σ2 =
(−2iaˆ b
b∗ +2iaˆ
)
(6.3.14)
where aˆ, b1 and b2 are real, b = b1 + ib2, and σi, i = 1, 2, 3, are the Pauli matrices. An
alternative parameterisation of elements of G = SU(1, 1) is given by exponentiating the
above infinitesimal element;
U = eA =
(
coshρ− 2iaˆ sinhρ
ρ
b sinhρ
ρ
b∗ sinhρ
ρ
coshρ+ 2iaˆ sinhρ
ρ
)
(6.3.15)
where ρ2 = b∗b − 4aˆ2. The U(1) subgroup is generated by iσ3 and its elements take the
form
h =
(
e−2iaˆ 0
0 e+2iaˆ
)
(6.3.16)
Taking V to be a general elements of SU(1, 1) we find that ωµ takes the form
ωµ =
(
2iQµ Pµ
P¯µ −2iQµ
)
(6.3.17)
where Qµ = (Qµ)
∗. Under an infinitesimal local U(1) transformation of equation (6.3.16)
we find from equation (6.3.10) that the vielbein and U(1)-connection transform as
δQµ = −∂µaˆ, δPµ = 4iaˆPµ (6.3.18)
The last equation corresponds to the U(1) weight 4 assignment given earlier to the scalars.
If we write V = (C+, C−), where C+ and C− are two column vectors, then C± transforms
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as C± → gC±e∓2iaˆ under local and rigid transformations. If we further take the ratio of
the top and bottom component of the column vectors C± and denoted it by c±, then it
follows that c± is inert under local H transformations but transforms as
c± → uc± + v
v∗c± + u∗
(6.3.19)
under a rigid transformation of the form of equation (6.3.13).
We can use a local U(1) transformation to bring V to be of the form
V = 1√
1− φφ∗
(
1 φ
φ∗ 1
)
(6.3.20)
This choice is most easily achieved using the form of SU(1, 1) elements given in equation
(6.3.15). Examining the second column vector in V we find that c− = φ and so φ transforms
as under G as
φ→ uφ+ v
v∗φ+ u∗
(6.3.21)
For the choice of V of equation (6.3.20) we find that
Qµ = − i
4
(−φ∂µφ∗ + φ∗∂µφ)
(1− φφ∗) , Pµ =
∂µφ
(1− φφ∗) (6.3.22)
The corresponding equation of motion is found by substituting equation (6.3.17) into
equation (6.3.12) to find
DµP
µ ≡ ∂µPµ + 4iQµPµ = 0 (6.3.23)
The actual IIB equations of motion of the scalars must be of this form, but will also include
other terms containing the superpartners of the scalars. We observe that the scalars only
occur through Pµ or, for derivatives of other fields with non-zero U(1) weight, through Qµ.
Both these fields are given by equation (6.3.9) which contains the space-time derivatives
acting on the group element and so they have geometric dimension one. This fact plays a
crucial role in the way the scalars are encoded into the IIB theory as it allows the use of
dimensional analysis to restrict the way the scalars can occur in the theory.
It has been found that the scalar fields that occur in supergravity theories always
belong to a coset space [169],[170],[171]. Some of the other interesting cases are the
N = 4 and N = 8 supergravity theories in four dimensions where the coset spaces are
SU(1, 1)/U(1)[169] and E7/SU(8) [170]. In table 6.1 we give the coset spaces associated
with the maximal supergravities. this table was taken from references [167] and [181].
All these theories except for the IIB theory arise from the dimensional reduction of the
eleven-dimensional supergravity theory.
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6.1 Coset spaces of the Maximal Supergravities
D G H
11 1 1
10, IIB SL(2) SO(2)
10, IIA SO(1, 1)/Z2 1
9 GL(2) SO(2)
8 E3 ∼ SL(3)× SL(2) U(2)
7 E4 ∼ SL(5) USp(4)
6 E5 ∼ SO(5, 5) USp(4)× USp(4)
5 E6 USp(8)
4 E7 SU(8)
3 E8 S0(16)
6.3.4 The Gauge Fields
Let us now examine how the gauge fields associated with the rank-two tensor gauge
field Aµν can occur in the theory. We define the field strength of Aµν to be ℑµ1µ2µ3 =
3∂[µ1Aµ2µ3]. This gauge field must be inert under the local U(1) transformations associated
with the coset SU(1,1)
U(1) . If it were to have a non-trivial U(1) transformation then it could
only transform covariantly, but in this case the field strength would not transform covari-
antly. One could attempt to avoid this latter conclusion by including the U(1) connection
Qµ in the definition of the field strength, however then the corresponding field strength
would not be invariant under the standard U(1) gauge transformations of the gauge field.
Under rigid g ∈ SU(1, 1) it transforms as
(ℑ¯,ℑ) → (ℑ¯,ℑ)g−1 (6.3.24)
We can define a SU(1, 1) invariant field strength by
(F¯ , F ) = (ℑ¯,ℑ)V (6.3.25)
Using equations (6.3.8) and (6.3.16) we find that under a local U(1) transformation the
new fields (F¯ , F ) have weights (−2, 2) and so transform as
(F¯ , F ) → (F¯ , F )h (6.3.26)
Using the form of V given in equation (6.3.20) we can readily find (ℑ¯,ℑ) in terms of (F¯ , F ).
We note that the coset space description of the scalar fields plays an important part
in the formulation of the gauge field which will occur in the equations of motion. It will
follow that the equations of motion will admit duality transformations. Since almost all
maximal supergravity have gauge fields and coset space scalars this is a general feature of
supergravity theories. We refer the reader to the lectures of M-K. Gaillard and B. Zumino
in this volume for a complete discussion of this topic.
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6.3.5 The Equations of Motion
As we have discussed, the derivation of the equations of motion was carried out using
a variant of the Noether method (see section 4.1) and the on-shell superspace technique
discussed in section 4.2. These calculations are too involved to reproduce here; however,
many features of the equations can be deduced using the features of the IIB theory dis-
cussed above. For example, the equation of motion must reduce to the correct linearised
equations, obey the requirements of dimensional analysis and contain terms of the same
U(1) weight. In addition the gauge fields can only occur in terms of their field strengths
Fµ1µ2µ3 and F¯µ1µ2µ3 as well as a five rank field strength Gµ1...µ5 . These field strengths all
have geometric dimension one. The vielbein must occur through the usual Ricci tensor Rµν
which has geometric dimension two and as we discussed above the scalars belong to the
coset SU(1, 1)/U(1) and hence are only contained in the geometric dimension one objects
Pµ and Qµ. The latter can only occur as part of a covariant derivative.
Let us begin with the scalars; their equation of motion must generalise equation
(6.3.23) and hence the terms in the equation must have U() weight 4 and geometric di-
mension two. The only possible candidate is Fµ1µ2µ3F
µ1µ2µ3 . The equation for Aµν must
contain Dµ3Fµ1µ2µ3 and so it has geometric dimension two and U(1) weight 2. The only
such terms we can add are Fµ1µ2µ3P
µ3 and Gµ1...µ5F
µ3...µ5 . The equation of motion for
the fourth rank gauge field is just the self-duality condition on the five-rank field strength
and so this equation has geometric dimension one and U(1) weight zero. There are no
terms one can add to this equation other than the duality condition on he field strength
itself. Analysing the veilbein equation in the same way we essentially determine the field
equations up to constants.
The equations of motion of IIB supergravity in the absence of fermions is given by
[111],[112]
DµPµ =
1
6
Fµ1µ2µ3F
µ1µ2µ3 (6.3.27)
Dµ3Fµ1µ2µ3 = F¯µ1µ2µ3P
µ3 − i
6
Gµ1...µ5F
µ3...µ5 (6.3.28)
Rµν = −2P¯(µPν)−F ν1ν2(µ Fν)ν1ν2 +
1
12
gµν F¯µ1µ2µ3F
µ1µ2µ3 − 1
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G µ1...µ4µ Gνµ1...µ4 (6.3.29)
Gµ1...µ5 =
∗Gµ1...µ5 (6.3.30)
where
Gµ1...µ5 = 5∂[µ1Aµ2...µ5] + 20i(A[µ1µ2ℑ∗µ3...µ5] −A∗[µ1µ2ℑµ3...µ5]) (6.3.31)
The reader is referred to reference [111] for the fermionic contribution. They are
invariant [111,112] under the local supersymmetry and U(1) transformations of reference
[110].
6.3.6 The SL(2,R) Version
The group SU(1, 1) is isomorphic to the group SL(2,R). For some purposes it is
better to formulate the theory in a manner where the SL(2,R) form of the invariance is
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manifest rather than as above where the SU(1, 1) symmetry is apparent. As we explained
above, g ∈ SU(1, 1) acts on the column vector
(
z1
z2
)
by
(
z1
z2
)
→ g
(
z1
z2
)
. If we denote
the ratios of the column vector by z = z1
z2
then the action of SU(1, 1) becomes
z → uz + v
v∗z + u∗
(6.3.32)
This action is such that it takes the unit disc |z| ≤ 1 to itself. We can map the unit desk
to the upper half plane H = {w : Imw ≥ 0} by the transformation
z → w = i
(
1− z
1 + z
)
(6.3.33)
The action induced by the transformation of equation (6.3.32) on H is given by
w → aw + b
cw + d
(6.3.34)
where ad− bc = 1 and a, b, c, d are real. In this last transformation we recognise the action
of the group SL(2,R), corresponding to the element
gˆ =
(
a b
c d
)
∈ SL(2,R). (6.3.35)
It is well known that SL(2,R) is the largest group which maps the upper half plane to itself
and so we should not be surprised that in mapping from the unit disc onto the upper half
plane the action of SU(1, 1) becomes that of SL(2,R). The precise relationship between
the parameters of the two groups is given by
a =
1
2
(u+ u∗ − v − v∗), b = i
2
(−u+ u∗ − v + v∗),
c = − i
2
(−u+ u∗ + v − v∗), d = 1
2
(u+ u∗ + v + v∗) (6.3.36)
For the SU(1, 1) formulation of the IIB theory given above we found that the scalar
field φ of equation (6.3.20) transformed under SU(1, 1) in the same way as the variable z
of equation (6.3.21). Hence if we make the transformation from φ to the variable ϕ by
φ → ϕ = i
(
1− φ
1 + φ
)
(6.3.37)
then ϕ transforms under SL(2,R) just like w, that is
ϕ→ aϕ+ b
cϕ+ d
(6.3.38)
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It remains to find new variables for the rank-two gauge field that transform in a
recognisable way under SL(2,R). Let us write the field strength ℑµνρ as ℑµνρ = ℑ2µνρ +
iℑ1µνρ then an explicit calculation shows that the transformation law of equation (6.3.24)
for ℑµνρ becomes (ℑ1µνρ
ℑ2µνρ
)
→ gˆ
(ℑ1µνρ
ℑ2µνρ
)
(6.3.39)
It is straightforward to substitute for the new variables into the equations of motion (6.3.27)
to (6.3.31) to find a formulation that is manifestly SL(2,R) invariant. Carrying out this
transformation and also making the substitution ϕ = l+ ieσ, one finds that the NS⊗NS
fields, (i.e. e aµ , A
1
µν and σ) have identical equations of motion as the NS ⊗NS sector of
the IIA supergravity. In fact, since these fields do not include the rank four gauge field we
can formulate the dynamics of the NS ⊗ NS sector of the theory in terms of an action
and this action will have a Lagrangian which is none other than the first term of equation
(6.2.16), if we choose to work with the string metric.
We close with some comments on some of the features of the IIB theory discussed
that are most relevant to our discussion on string duality. Like the IIA theory, the IIB
theory has two coupling constants; the Newtonian constant κ, whose dependence we have
suppressed, and the expectation value of < eσ >. As we have explained in the previous
section the latter plays the role of the IIB string coupling constant, i.e. gs =< e
σ >. In
general, an SL(2,R) transformation changes from weak to strong string coupling. For
example, the transformation ϕ = l + ieσ → ϕ′ = l′ + ieσ′ = − 1
ϕ
implies that
g′s = 〈eσ
′〉 = 1
< eσ >
=
1
gs
(6.3.40)
maps from the weak to the strong regime.
The SL(2,R) transformation also mixes the two real rank-three field strengths ℑiµνρ, i =
1, 2 one of which arises from the NS ⊗ NS sector and one from the R ⊗ R sector of the
string theory. Hence a generic SL(2,R) transformation transforms fields in the NS ⊗NS
sector into those in the R ⊗R sector and vice versa.
The IIB theory cannot be obtained from the eleven-dimensional supergravity by a
reduction; however if we were to reduce the IIB theory on a circle to nine dimensions
then the resulting supergravity theory would have an underlying supersymmetry algebra
with 32 supercharges which, being an odd dimension, would be of no fixed chirality. This
is precisely the same supersymmetry algebra that would result if we were to reduce the
IIA theory on a circle to nine dimensions. In particular, they form two 16 component
Majorana spinors. Since this algebra uniquely determines the maximal nine-dimensional
supergravity theory we must conclude that reducing the IIA and IIB supergravity theories
to nine dimensions leads to the same supergravity theory. [107].
6.4 Type I Supergravity
The type I Supergravity was in fact the first supergravity theory in ten dimensions to
be constructed [120]. Its underlying algebra contains a Majorana-Weyl spinor supercharge
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whose anti-commutator was given in equation (1.5.4). The field content is given by
eaµ, φ︸︷︷︸
NS⊗NS
; Aµν︸︷︷︸
R⊗R
; plus ψµα, λα︸ ︷︷ ︸
NS⊗R
(6.4.1)
where we have also indicated the sectors in the type I string from which they come. The
gravitino ψµα and the spinor λα are Majorana-Weyl spinors of opposite chirality and all
the bosonic fields are real.
This theory can be obtained form the either the IIA or the IIB theory by truncation.
From the IIA theory we impose the obvious Weyl conditions on the gravitino and spinor
in the IIA theory, and to be consistent with supersymmetry, we must also set Aµνρ = 0 =
Bµ. It is straightforward to find the Lagrangian for the bosonic fields by truncating the
corresponding action for the IIA theory of equation (6.2.8).
We can also obtain the type I theory from the IIB theory by a truncation. In the IIB
theory we consider the operator Ω which changes the sign of ℑ2µνρ, l and Bµνρσ, which
are in the NS ⊗ NS, R ⊗ R and R ⊗ R sectors respectively, but leaves inert eaµ, ℑ1µνρ
and σ which are in NS ⊗NS, R ⊗ R and NS ⊗NS sectors respectively. To recover the
type I supergravity we keep only fields which are left inert by Ω and so we find only the
latter fields. On the spinors we impose a Majorana condition which leads to a gravitini
and another fermion which are both Majorana-Weyl although of opposite chirality. In fact
Ω corresponds in string theory to world sheet parity, that is it exchanges left and right
moving modes.
The N = 1 Yang-Mills theory is also based on the supersymmetry algebra with one
Majorana-Weyl supercharge. It consists of a gauge field Aµ and one Majorana-Weyl spinor
λα. This theory [119] is easily derived. We first write down the linearised transformation
laws that are determined up to two constants by dimensional analysis. The constants are
then fixed by demanding that the supersymmetry transformations and the linearised gauge
transformations form a closed algebra. The full theory is uniquely found by demanding
that the algebra closes and that the action be invariant under the usual non-Abelian gauge
transformation of the gauge field. The result is given by
∫
d10x(−1
4
F iµνF
µνi − i
2
λ¯iγµµ(Dµλ)
i) (6.4.2)
which is invariant under
δAiµ = iǫ¯γµλ
i, δλi = −1
2
F iµνγ
µνǫ (6.4.3)
where
F iµν = ∂µA
i
ν − ∂νAiµ − gf ijk AjµAkν (6.4.4)
is the Yang-Mills field strength and
Dµλ
i = ∂µλ
i − gf ijk Ajµλk (6.4.5)
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We can also consider the coupling between the N = 1 Yang-Mills theory and the type
I supergravity. This was found in reference [121]. If we take the gauge group to be SO(32)
or E8 ⊗E8 we find the theory that results from the low energy limit of the corresponding
heterotic string theory or the type I string theory.
7. Brane Dynamics
7.1 Bosonic Branes
Super p-branes are extended objects that sweep out a p + 1-dimensional space-time
manifold in a background superspace-time. A 0-brane is just a particle and a 1-brane
is a string. However p-branes for p ≥ 2 also occur in string theory as solitons and are
thus non-perturbative objects. In this section we find what possible superbranes can exist
and give their dynamics. Although p-branes with p ≥ 2 are intrinsically non-perturbative
objects, they are related by duality symmetries to perturbative particle and string states.
As such, they play an important role in discussions of string duality.
We first consider a brane that has no supersymmetry. A p-brane sweeps out a p+ 1-
dimensional world surface M , with coordinates ξm, m = 0, 1, . . . , p in a D-dimensional
target space M with coordinates Xn, n = 0, 1, . . . , D − 1. As the symbols imply we use
m,n, p, . . . for the embedded surface world indices and m,n, p, . . . for target space world
indices. The corresponding tangent space indices are a, b, c, . . . for world surface indices and
a, b, c, . . . for target space world indices. This notation is used extensively in the literature
in this subject. The reader should have no difficulty making the transition from the µ, ν . . .
and m,n, p . . . used in the previous section for the world and tangent target space indices
respectively. The surface M swept out by the p-brane in the target space M is specified
by the functions Xn(ξn) which extremise the action
−T
∫
dp+1ξ
√
−detgmn (7.1.1)
where
gmn = ∂nX
n∂mX
mgnm (7.1.2)
and gmm is the metric of the target space-time often referred to as the background metric.
The constant T is the brane tension and has the dimensions of (mass)p+1. The action
of equation (7.1.1) is invariant under reparameterisations of both the target space M and
the world surface M . The metric gmn is the metric induced on the world surface M by
the background metric of the target space. As such, we recognize the action in equation
(7.1.1) as the area swept out by the p-brane. Hence, like the string and point particle, a
p-brane moves so as to extremise the volume of the surface it sweeps out. If the target
space is flat the background metric is just the Minkowski metric gmm = ηmm. A 0-brane is
just a point particle and if it has mass m then T = m. A 1-brane is just the usual bosonic
string and the action of equation (7.1.1) is the Nambu action for the string if we take the
background metric to be flat. In this case we often write T = 1
2πα′
where α′ is the string
Regge slope parameter.
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The bosonic brane does not have enough symmetry to determine its couplings to the
fields in the target space. However, a p-brane naturally couples to a p + 1 gauge field
Am
1
...m
p+1
of the target space by a term of the form
∫
dp+1ξǫn1...np+1∂n1X
m
1 . . . ∂np+1X
m
p+1Am
1
...m
p+1
(7.1.3)
So for example, the motion of a 0-brane, that is a point particle, is described by the
functions Xn(τ), where ξ0 = τ , and it naturally couples to a vector field An in the form
∫
dτ
dXn
dτ
An (7.1.4)
If we couple this expression to that in equation (7.1.1) for a flat target space then the
equations of motion for Xn are nothing but the Lorentz force law for a charged particle in
an electromagnetic field. A 1-brane, i.e. string, couples to a two-form Anm in the manner∫
d2ξǫmn∂mX
m
1∂nX
m
2Am
1
m
2
(7.1.5)
We can split the target space indices n,m, into those associated with the directions
longitudinal to the brane and those with directions which are transverse to the brane. We
denote the former by n,m . . . = 0, . . . , p, and the latter by n′, m′ . . . = p + 1, . . . , D − 1.
A useful gauge is the static gauge in which we use the reparameterisation transformations
of the world surface to identify the p + 1 longitudinal coordinates Xn(ξ), n = 0, 1, . . . , p,
with the coordinates ξn, n = 0, 1, . . . , p of the p brane; in other words
Xn(ξ) = ξn, n = 0, 1, . . . , p (7.1.6)
This leaves the transverse coordinates Xn
′
(ξ), n′ = p + 1, . . . , D − 1, to describe the
dynamics of the brane. We can think of the D − p − 1 transverse coordinates as the
Goldstone bosons or zero modes of the broken translations due to the presence of the
p-brane.
As we have explained in section 6, the low energy effective action of a string theory is a
supergravity theory. It has been found that p-brane solutions arise from this supergravity
theory. For such a static solution the supergravity fields do not depend on p of the spatial
coordinates which are the spatial coordinates of the p-brane world surface, but do depend
on theD−p−1 coordinates trnasverse to the brane. It turns out that the supergravity fields
usually depend on functions which are harmonic functions of the transverse coordinates.
It will be instructive to consider a simpler and better understood example of solitons,
namely the monopoles (i.e. a 0-brane) that occur in four dimensions. Monopoles arise as
static solutions in the N = 2 supersymmetric Yang-Mills field theory. The space of param-
eters required to specify the solution is called the moduli space. If there are K monopoles
then the moduli space has dimension 4K. For one monopole this four-dimensional space
is R3⊗S1. It is made up of the three spatial coordinates R3 which specify the position of
the monopole and a further parameter associated with gauge transformations which have
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a non-trivial behaviour at infinity. For K ≥ 2 the moduli space is more complicated, but
an explicit metric is known for the case of K = 2 [128]. Since there exist static monopoles
solutions, it follows that monopoles do not experience any forces when at rest. However,
when they are set in motion they do experience velocity dependent forces. In general
the behaviour of the monopoles is described by the quantum field theory in which they
arise. However, if the monopoles have only a small amount of energy above their rest
masses then we can approximate their motion in terms of the coordinates of their moduli
space [129]. The motion is then described by an action whose fields are the coordinates
of the moduli space which are given a time dependence corresponding to the monopole
motion. If we had only one monopole then three of the moduli X i, i = 1, 2, 3, could be
interpreted as the Goldstone bosons resulting from the breaking of the spatial translations
due to the presence of the monopole and the fourth moduli η would be related to the
existence of non-trivial gauge transformations at infinity. As such, the motion is described
by X i(τ), i = 1, 2, 3, η(τ) where ξ0 = τ . A much more detailed account of these ideas can
be found in the lectures of N. Manton in this volume.
In a similar spirit we can consider the moduli space and action which describes the low
energy behaviour of p-brane solitons. The moduli space of the p-brane solitons contains
the positions of the p-branes and to describe their low energy motion we let the moduli
depend on the world-volume coordinates of the p-brane. Indeed, we can think of the action
of equation (7.1.1) when we take only its terms to lowest order in derivatives as the effective
action which describes the low energy behaviour of a single p-brane soliton.
There is an alternative interpretation of the action of equation (7.1.1). Were we believe
that a certain p-brane was a fundamental object then we might take the action of equation
(7.1.1) to describe its dynamics completely. This was precisely the viewpoint of for the
string for many years.
7.2 Types of Superbranes
A super p-brane can be viewed as a p+1-dimensional bosonic sub-manifold M , with
coordinates ξn, n = 0, 1, . . . , p, that moves through a target superspaceM with coordinates
ZN = (Xn,Θα) (7.2.1)
We use the superspace index convention that N,M, . . . and A,B, . . . represent the world
and tangent space indices of the target space. Later, in subsection 7.5, we use the same
symbols without the underlining to represent the corresponding indices of the world surface
superspace.
In this section we wish to find which types of branes can exist in which space-time
dimensions with particular emphasis on ten and eleven dimensions. We will also discuss
the features of brane dynamics which are generic to all branes, leaving to the next three
subsections a more detailed discussion of the dynamics of the specific types of branes.
Superbranes come in various types. The simplest are those whose dynamics can be
described entirely by specifying the superworld surface ZN (ξn) that the p-brane sweeps
out in the target space. We refer to these branes as simple superbranes; they were also
previously called type I branes’ not to be confused with type I strings. As we shall see
there are other types of branes that have higher spin fields living on their world surfaces.
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In particular, we will discuss branes that have vectors and second rank anti-symmetric
tensor gauge fields on their world surface.
A super brane has an action of the form
A = A1 + A2 (7.2.2)
The first term is given by
A1 = −T
∫
dp+1ξ
√
−detgmn + . . . (7.2.3)
where
gmn = ∂nZ
N∂mZ
MgNM , (7.2.4)
gNM = E
a
N E
b
M ηab (7.2.5)
and E
a
N is the supervielbein on the target superspace. By abuse of notation we use the
same symbol for the world surface metric as for the bosonic case; the reader will be able to
distinguish between the two as a result of the context. The + . . . denotes terms involving
possible world surface fields as well as those that depend on the other background fields.
The constant T is the p-brane tension and has the dimensions of (mass)p+1 since the
action is dimensionless and Xn has the dimension of (mass)−1. If we consider a brane
that is static we can think of the tension T as the mass per unit spatial volume of the
brane.
The symbol gNM is not really a background metric in the usual sense since the sum on
the tangent space indices is restricted to be only over the bosonic part. Such a restricted
summation is possible as a consequence of the fact that the superspace tangent space
group is just the Lorentz group. In fact, as we discussed in section 4, the theory of local
superspace is formulated in terms of the supervielbein since the metric is not uniquely
defined.
The second part of the action A2 of equation (7.2.2) contains, in addition to others,
the term ∫
dp+1ξǫn1...np+1∂n1X
m1 . . . ∂np+1X
m
p+1Am
1
...m
p+1
(7.2.6)
where Am
1
...m
p+1
is a background gauge field.
The background space-time fields can only belong to a supermultiplet that exists in
the target superspace. In this review, we will take these supermultiplets to be the super-
gravity theory that has the background supersymmetry algebra possessed by the p-brane.
The field content of the possible supergravity theories can be deduced from the super-
symmetry algebra using the methods given in section three. However, as we discussed in
section five, the supergravity theory is essentially unique if the supersymmetry algebra has
32 supercharges and the type of spinors contained in the supersymmetry algebra are spec-
ified. Thus, unlike bosonic branes, the background fields are specified by the background
supersymmetry of the brane, if that supersymmetry has 32 supercharges. If the brane has
16 supercharges then although one cannot generally specify the background fields uniquely,
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the possible supergravity theories are very limited. The general coupling of a p-brane to
the background fields is complicated, but it always has a coupling to a (p+ 1)-gauge field
in the form of equation (7.1.3). However, since this (p+ 1)-gauge field must be one of the
background fields of the supergravity theory, this places an important restriction on which
superbranes can arise for a given dimension and target space supersymmetry algebra.
If we consider the case of a super 1-brane, the action of equation (7.2.2) is just the
Green-Schwarz action [130] for the superstring. The case p = 2 is often referred to as
the membrane and the action for the supermembrane in eleven dimensions was found in
[151,157].
The action of equation (7.2.2) is invariant under super reparameterisations of the
target superspace M , but only bosonic reparameterisations of the world surface M since
the embedded manifold M is a bosonic manifold. It is also invariant under a Fermi-Bose
symmetry called κ-supersymmetry. From the viewpoint adopted here this is a complicated
symmetry that ensures that the fermions have the correct number of degrees of freedom
on-shell and we will discuss it in more detail in the next section. This symmetry relates
the terms in A1 to those in A2 and vice versa, and in fact fixes uniquely the form of A2
given the form of A1.
Even if the target space is flat superspace the supervielbein has a non-trivial depen-
dence on the coordinates given by
∂mZ
NE
a
N = ∂mX
a − i
2
Θ¯γa∂mΘ, ∂mZ
NE
α
N = ∂mΘ
α (7.2.7)
In this case, the target space super reparameterisation invariance reduces to just rigid
supersymmetry’
δXa =
i
2
ǫ¯γaΘ, δθα = ǫα (7.2.8)
Note that the action of equation (7.2.2) does not appear to possess world-surface super-
symmetry. We recall for the case of a 1-brane (that is a string) there are two formulations,
the Green-Schwarz formulation given here and the original Neveu-Schwarz-Ramond formu-
lation. The latter is formulated in terms of Xn and a spinor which, in contrast to above,
possess a target space vector index and is a spinor with respect to the two-dimensional
world sheet. This formulation is manifestly invariant under world surface reparameteri-
sations, but not under target space super reparameterisations. If one goes to light-cone
gauge (i.e. in effect static gauge) then the two formulations become the same and so
the Green-Schwarz formulation has a hidden world sheet supersymmetry and the Neveu-
Schwarz-Ramond [172] a hidden target space supersymmetry provided we carry out the
GSO projection.
It is thought [173] that all branes which in their Green-Schwarz formulation admit
κ-supersymmetry actually have a hidden world surface supersymmetry. Although the ana-
logue of a Neveu-Schwarz-Ramond formulation is not known for p-branes when p > 1, there
does exist a superembedding formalism [131,132,133,134,137,138,139]. In this formulation
the p-brane sweeps out a supermanifold which is embedded in the target superspace.
Although this approach leads to equations of motions and not an action, it has the advan-
tage that it possesses super reparmeterisation invariance in both the world surface and the
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target superspaces. The κ-symmetry is then just part of the super reparameterisations of
the world surface. Its particular form is a result of the gauge fixing required to get from
the super embedding formalism to the so-called Green-Schwarz formulation. This origin
of κ-symmetry was first found in reference [178] within the context of the point particle.
We will comment further on the superembedding formalism in section 7.5.
The superbranes also possesses a static gauge for which the bosonic coordinates take
the form of equation (7.1.6) while κ-supersymmetry can be used to set half of the fermions
Θα = (Θα, Θα
′
) to vanish i.e. Θα = 0. While the remaining D−p−1 bosonic coordinates
Xn
′
correspond to the Goldstone bosons associated with the breaking of translations by
the p-brane, the remaining Θα
′
Goldstone fermions correspond to the breaking of half of
the supersymmetries by the brane.
The fields of the p-brane belong to a supermultiplet of the world surface and so
must have equal numbers of fermionic and bosonic degrees of freedom on-shell. Let us first
consider a p-brane that arises in a theory that has maximal supersymmetry. This would be
the case if the brane describes the low-energy motion of a soliton of a maximal supergravity
theory which breaks half the supersymmetry. In this case, if it breaks half of the 32
supersymmetries of the target space, it will, in static gauge, have only 16 Θα
′
which will
lead to 8 fermionic degrees of freedom on-shell. If we are dealing with a simple superbrane
these must be matched by the coordinates Xn
′
in static gauge which must therefore be
eight in number. Thus if we are in eleven dimensions the only simple superbrane is a
2-brane while if we are in ten dimensions the only simple superbrane is a 1-brane.
There also exist D-branes whose dynamics requires a vector field An, n = 0, 1, . . . , p,
living on the brane in addition to the coordinates Xn, Θα which describe the embedding
of the brane in the target superspace. In this case, if we have a brane that arises in the
background of a maximal supergravity theory and which breaks half of the this supersym-
metry then we again have 8 fermionic degrees of freedom on-shell. This must be balanced
by the vector which has p − 1 degrees of freedom on-shell and the remaining D − p − 1
transverse coordinates from which we deduce that D = 10. Hence such D-branes can only
exist in ten dimensions. For D-branes this simple counting argument allows branes for all
p, however, as we shall see, not all values of p occur for a given target space supersymme-
try. In addition, we will discuss other branes with higher rank gauge fields living on their
world surface.
To find further restrictions on which branes actually exist we can use the argument
given above. A super p-brane couples to a p + 1-gauge field which must belong to the
background supergravity theory. Hence to see which branes can exist we need only see
which gauge fields are present in the corresponding supergravity theory. When doing this
we must bear in mind that if we have a rank p+1 gauge field which has a rank p+2-field
strength F(p+2) we can take its dual to produce a rank D− p− 2 field strength ∗F(D−p−2)
which, if the original field strength is on-shell, has a corresponding rank-D − p − 3 dual
gauge field ∗AD−p−3. The dual field strength is defined by
∗Fn
1
...n
(D−p−2)
=
1
(p+ 2)!
ǫn
1
...n
(D−p−2)
n
(D−p−1)
...n
D
Fn(D−p−1)...nD (7.2.9)
Hence, if the original rank p + 1 gauge field couples to a p-brane, the dual gauge field is
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rank D− p− 3 and couples to a D− p− 4 brane. In fact D-branes can only couple to the
R ⊗R sector of a string theory [135].
Let us begin with branes in eleven dimensions. This theory was described in section
5 and possesses a third-rank gauge field A(3) which should couple to a 2-brane. The dual
potential has rank six i.e. ∗A6 and this couples to a 5-brane. Thus in eleven dimensions
we expect only a 2-brane and a 5-brane. The 2-brane is just the simple superbrane we
discussed above. The 5-brane has 16 Goldstone fermions and these lead to the same 8
degrees of freedom on-shell; however it has only five transverse coordinates leading to only
five degrees of freedom on-shell. Clearly, we require another three degrees of freedom on-
shell. These must form a representation of the little group SO(4). If they are belong to an
irreducible representation of SO(4), this can only be a second rank self-dual antisymmetric
tensor. On-shell this corresponds to a second rank antisymmetric gauge field whose field
strength obeys a self duality condition. The dynamics of the fivebrane is significantly more
complicated than that of simple branes and will be given in section 5.4.
Let us now consider the branes that can couple to the IIA string. In section six
we found that the IIA theory has gauge fields and their duals of ranks 1, 2, 3, 5, 6, 7. Of
these ranks 2 and 6 arise in the NS ⊗NS sector of the string while those of ranks 1, 3, 5
and 7 arise in the R ⊗ R sector of the string. This suggests the existence of p-branes for
p = 1 and 5 that can couple to the NS ⊗ NS sector of the IIA string and p-branes for
p = 0, 2, 4 and 6 that can couple to the R ⊗ R sector of the IIA string. The latter are
the D-branes. Of these only the 1-brane can be a simple brane and it is this brane that
couples to the Aµν gauge field of the IIA string. It is in fact the IIA string itself and it
is sometimes therefore called the fundamental string. The fivebrane is the straightforward
dimensional reduction of the five eleven-dimensional fivebrane that will be discussed in the
next section. In the literature an 8-brane is also discussed. This brane is associated with
the massive supergravity theory constructed in reference [174]. This theory necessarily
contains a cosmological constant c and so has a term
∫
d10x c
√−detgnm in the action.
However, we can write this term as
∫
d10x c
√−detgnmFn1...n(10)Fn1...n(10) where Fn1...n(10)
is the curl of a rank 9 gauge field which suggests the existence of an 8-brane [185].
Let us now turn to the IIB theory and its branes. The original gauge fields in the
IIB theory are of rank 2 in the NS ⊗ NS sector and ranks 0, 2, 4 in the R ⊗ R sector.
If we include their dual gauge fields we have gauge fields of ranks 2, 6 in the NS ⊗ NS
sector and ranks 0, 2, 4, 6, 8 in the R ⊗ R sector. We do not include two rank four gauge
fields as their field strength is the five rank self-dual field strength of the IIB theory. This
suggests that there exist 1 and 5-branes which couple to the NS ⊗NS of the IIB theory
and −1, 1, 3, 5, 7-branes which couple to the R ⊗ R sector. The latter are the D-branes.
The 1-brane which couples to the rank two gauge field in the NS ⊗NS sector is the IIB
string itself. The 5-brane which couples to the NS ⊗ NS sector is a more complicated
object. Note that it is the threebrane that couples to the rank four gauge field whose field
strength satisfies a self-duality property. As one might expect this D-brane possesses a
self-duality symmetry [136]. The p = −1 brane which couples to the R⊗R sector occupies
just a point in space-time and so is an instanton.
In fact, all the branes discussed above exist and the possible branes in eleven and ten
dimensions are listed in table 7.1. In this table a ”D” or ”S” subsrcipt denotes the brane
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to be a Dirichlet and simple brane respectively.
7.1 Super Brane Scan
\ p
Theory \
M-theory 2S 5
IIA 0D 1S 2D 4D 5 6D 8D
IIB 1S + 1D 3D 5 + 5D 7D
As we have mentioned above, one can also search for the p-brane solitons of the
corresponding supergravity theories. The p-brane actions then correspond to the low-
energy motions of these solitons and it has been shown that there exist p-brane solitons
for all the above superbranes. We refer the reader to the lectures of G. Gibbons in this
volume and the reviews of reference [176].
We now discuss one further guide to determining which superbranes occur in which
theory. Given a p-brane one can construct the following current
jnm1...mp = ǫnn1...np∂n1X
m
1 . . . ∂npX
m
P (7.2.9)
which is obviously conserved. The charge associated with this current is given by
Zm1...mp =
∫
dpξj0m1...mp (7.2.10)
where the integral is over the p spatial coordinates of the brane. Our previous discussion
on the coupling of the p-brane to a p+1-form gauge background gauge field can be restated
as the p+1-form background gauge field couples to the current jn∂nX
m. When computing
the space-time supersymmetry algebra in the presence of the p-brane it turns out [180] that
the above charge occurs as a central charge. Hence, if a p-brane arises in a particular theory
we expect to find its p-form central charge in the corresponding supersymmetry algebra.
Clearly, if the supersymmetry algebra does not admit a p-form central charge the p-brane
cannot occur unless further supersymmetry is broken. However, we can turn this argument
around and find out which central charges can occur in the appropriate supersymmetry
algebra and then postulate the existence of a p-brane for each corresponding p-form central
charge. Which central charges can occur for a specified type of supercharge was discussed
in section 1. For example, in equation (1.5.5), we found that the eleven-dimensional
supersymmetry algebra with one Majorana spinor, which is the supersymmetry algebra
appropriate to eleven-dimensional supergravity, had a two-form and a three-form central
charge. Hence in M theory we expect from the above argument to find a twobrane and a
fivebrane. This agrees with our previous considerations.
We close this section by giving some simple dimensional arguments concerning the
tensions of various branes. In eleven dimensions, that is M theory we have only one
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scale the Planck scale mp. As a result, up to constants, the tensions T2 and T5 of the
2-brane and 5-brane can only be given by T2 = (mp)
3 and T5 = (mp)
6 respectively. As
we discussed in section 6, we can obtain the IIA supergravity by dimensional reduction of
eleven-dimensional supergravity on a circle and it is conjectured that IIA string theory can
be obtained by reduction of M theory in the same way. Hence for the IIA theory in ten
dimensions we have two scales, the Planck mass mp and the radius of compactification of
the circle R11. Since the string coupling is dimensionless it must be a function of mpR11
and we found in section 6 that it is given by gs = e
<σ> = (mpR11)
3
2 .
From the 2-brane in eleven dimensions we can obtain a 2-brane in ten dimensions
by simply ignoring the dependence of the fields of the eleven-dimensional 2-brane on x10.
We can also find a 1-brane, that is a string if we simultaneously reduce and wrap the 2-
brane on the circle [175]. The tensions of these two objects in ten dimensions are therefore
given by T2 = (mp)
3 and T1 = R11(mp)
3 respectively. The factor of R11 occurs because
the energy per unit length of the 1-brane arises from the energy of the 2-brane on the
circle. Similarly, from the fivebrane in eleven dimensions we can obtain a fivebrane and a
fourbrane in ten dimensions with tensions T5 = (mp)
5 and T4 = R11(mp)
5. The 1-brane
in ten dimensions is just the fundamental string (i.e. the IIA string) and its tension T1
can be identified as the square of the string mass; that is T1 = R11(mp)
3 = 14πα′ ≡ (ms)2.
It is instructive to express the tensions in terms of the variables gs and ms appropriate
for the IIA string. Using our relationship R11 = (mp)
−1(gs)
2
3 we find that R11 =
gs
ms
and
m3p =
m3s
gs
. Substituting into the above tensions we find that T2 =
(ms)
3
gs
, T4 =
(ms)
5
gs
and
T2 =
(ms)
6
g2s
. We observe the characteristic inverse coupling constant dependence that is
typical of non-perturbative solitons. The 2 and 4-branes are Dirichlet branes and have a 1
gs
dependence while the fivebrane has a 1
g2s
dependence. This coupling constant dependence
of the tension of Dirichlet branes is universal and is related to the occurance of open strings
in the theory.
In fact, one can account from M theory for two of the remaining branes that are
associated with the IIA string. The 0-brane and the 6-brane arise from the pp-wave and
Kaluza-Klein monopole solutions in eleven-dimensional supergravity respectively. The
eight brane is associated with massive supergravity in ten dimensions and its connection
to eleven dimensions is unclear.
7.3 Simple Superbranes
In this section we give the complete dynamics of simple superbranes [151,157,173]
which, we recall, depend only on the embedding coordinates ZN = (Xn,Θα). The action
for a simple super p-brane is given by
A = A1 + A2 (7.3.1)
The first term is given by
A1 = −T
∫
dp+1ξ
√
−detgmn (7.3.2)
where
gmn = ∂nZ
N∂mZ
MgNM , (7.2.4)
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gNM = E
a
N E
b
M ηab (7.3.5)
where E
A
N is the superviebein of the background superspace. The second term in the
action of equation (7.3.1) is given by
A2 = − T
(p+ 1)!
∫
dp+1ξǫn1...np+1∂n1Z
M
1E
A
1
M
1
. . . ∂np+1Z
M
p+1E
A
p+1
M
p+1
BA
1
...A
p+1
(7.3.6)
In this expression, BA1...Ap+1 is a background superspace p + 1 gauge field referred to
superspace tangent indices. Its corresponding superspace p+ 1 form is
B =
1
(p+ 1)!
EA1 . . . EAp+1BA
1
...A
p+1
= dZNp+1 . . . dZN1BN
1
...N
p+1
(7.3.7)
where EA = dZNE
A
N .
The geometry of the target superspace is described as in section 4 using supervielbeins,
but now also with the addition of the gauge field B. The covariant objects are the torsions
and curvatures as before, but now we have in addition the gauge field strength of the gauge
field B. The corresponding superfield strength H is the exterior derivative, in superspace
of course, acting on the superspace gauge field; i.e. H = dB. The superspace torsions and
curvatures satisfy Bianchi identities as in section four, but in addition we have the identity
DA
1
HA
2
...A
p+2
+ T
B
A
1
A
2
HBA
3
...A
p+1
+ super cyclic permutations = 0 (7.3.8)
In the case that the background superspace is flat then the supervielbein are given as
in equation (7.2.7). However, the gauge field B also has a non-trivial form. The resulting
torsions all vanish except for
T
a
αβ = i(γ
aC−1)αβ, (7.3.9)
and
Hαβa
1
...a
p
= −i(−1) 14p(p−1)(γa
1
...a
p
c−1)
αβ
(7.3.10)
In terms of forms we may express these results as
T a =
1
2
idΘ¯γadΘ (7.3.11)
and
H =
i
2p!
Eap . . . Ea1dΘ¯γa
1
...a
p
dΘ (7.3.12)
Since H is an exact form dH = 0. Using this on equation (7.3.12) and from the form
of Ea of equation (7.2.7) we find that dH = 0 is equivalent to the condition [173]
dΘ¯γadΘdΘ¯γ
ab
1
...b
(p−1)dΘ = 0 (7.3.13)
Since Θ is Grassmann odd, dΘ is Grassmann even and hence the above condition must
hold for a Grassmann even spinor of the appropriate type that is complex, Weyl, Majorana
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or Majorana-Weyl, but is otherwise arbitrary. This means in effect that we can discard
the Θ from the above equation provided we include a projector if the spinor is Weyl, and
symmetrise on all the free spinor indices if it is Majorana and on the first and third and
second and fourth indices separately if it is complex. For example, if Θ is Majorana then
we find the identity
(γaC
−1)(αβ(γ
ab
1
...b
p−1C−1)δǫ) = 0 (7.3.14)
These identities can be reformulated using the appropriate Fierz identity and it can
then be shown [173] that they hold if the number of fermion and boson degrees of freedom
of the brane are equal. We have already used this condition to find the simple branes in
ten and eleven dimensions.
Finally it remains to discuss the κ-symmetry of the action of equation (7.3.1). The
variation of the coordinates ZN under this symmetry when referred to the tangent basis
are given by
δZNE
a
N = 0, δZ
NE
α
N = (1 + Γ)
α
βκ
β (7.3.15)
where the local parameter κβ is a world surface scalar, but a tangent space spinor. The
matrix Γ is given by
Γ =
(−1) 14 (p−2)(p−1)
(p+ 1)!
√−detgnm
ǫn1...np+1∂n1Z
N
1E
a
1
N
1
. . . ∂np+1Z
N
p+1E
a
p+1
N
p+1
γa1...ap+1 (7.3.16)
The matrix Γ obeys the remarkably simple property Γ2 = 1 and as a result 12 (1 ± Γ)
are projectors. Clearly a κ of the form κ = 1
2
(1 − Γ)κ1 leads to no contribution to the
symmetry to which therefore only half of the components of κ actually contribute. The
remaining half allows us to gauge away the corresponding half of Θ. This property of κ
symmetry is essential for getting the correct number of on-shell fermion degrees of freedom
namely 8. In fact the action is only invariant under κ symmetry if the background fields
obey their equations of motion.
For the case when the background superspace is flat the above κ-symmetry reduces
to
δXn =
i
2
Θ¯γnδΘ, δΘ = (1 + Γ)κ (7.3.17)
The form of the redundancy discussed above in the κ-invariance leads to very difficult
problems when gauge fixing the κ-symmetry and so quantizing the theory. Imposing a
gauge condition on the spinor Θ to fix the κ-symmetry can only fix part of the symmetry
and leaves unfixed that part of κ which is given by κ1. A little thought shows that as a
result the ghost action itself will have a local symmetry which must be itself fixed. In fact,
this process continues and results in an infinite number of ghosts for ghosts corresponding
to the infinite set of invariances. This would not in itself be a problem, but it has proved
impossible to find a Lorentz-covariant gauge-fixed formulation. The problem of quantizing
can also be seen from the viewpoint of the Hamiltonian approach where one finds that the
system possess first and second class constraints that cannot be separated in a Lorentz-
covariant manner. The Green-Schwarz action, for the string has so far defied attempts to
quantize it in a truly covariant manner.
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7.4 D-branes Dynamics
As we discussed, D-branes have a vector field An living on their world surface in
addition to the embedding coordinates Xn, Θα. The action for the D-branes is a gener-
alization of that of the simple brane of equation (7.3.1) to include this vector field An. In
the absence of background fields other than the background metric and when Θα = 0 the
action is just the Born-Infeld action
−T
∫
dp+1ξ
√
−det(gnm + Fnm) (7.4.1)
where Fmn = 2∂[mAn]. The full action was found in references [147-150] by using κ-
symmetry. Its precise form and the relationship to Dirichlet open strings can be found in
the lectures of Costas Bachas in this volume.
7.5 Branes in M Theory
As we have discussed above, there exists a 2-brane and a 5-brane in eleven dimensions.
The 2-brane is a simple brane and so its dymanics are those given in section 7.3. The
dynamics of the fivebrane is the subject of this section. As we discussed in section 7.2
the fivebrane contains five scalar fields and a 16-component spinor corresponding to the
breaking of translations and supersymmetry by the fivebrane. It also contains, living on
its world surface, an antisymmetric second-rank tensor gauge field whose field strength
obeys a self-duality condition. As this condition is required to obtain the correct number
of degrees of freedom, we only need it to hold at the linearized level and it is an important
feature of the fivebrane dynamics that the self-duality condition in the full theory is a very
non-linear condition on the third-rank field strength.
As for other branes, the bosonic indices of the fields on the fivebrane can be de-
composed into longitudinal and transverse indices (i.e. for the world target space in-
dices n = (n, n′)) according to the decomposition of the eleven-dimensional Lorentz group
SO(1, 10) into SO(1, 5)× SO(5). The corresponding decomposition of the eleven dimen-
sional spin group Spin(1, 10) is into Spin(1, 5)× Spin(5). These spin groups divided by
Z2 are isomorphic to their corresponding Lorentz groups in the usual way. In fact Spin(5)
is isomorphic to the group USp(4) which is defined below equation (1.3.18). Thus the
fivebrane possesses a Spin(1, 5)× Spin(5) or Spin(1, 5)× USp(4) symmetry.
We now assign the fields of the fivebrane to multiplets of this symmetry. The five real
scalars are of course Spin(1, 5) singlets, but belong to the vector representation of SO(5),
Xn
′
, n′ = 6, . . .10. This representation corresponds to the second-rank anti-symmetric
tensor representation φij , i, j = 1, . . .4, of the isomorphic USp(4) group which is traceless
with respect to the ant-symmetric metric Ωij of this group. The gauge field Bmn is
a singlet under USp(4). We recall from section one that in six dimensions one cannot
have Majorana spinors, but can have symplectic Majorana spinors and even symplectic
Majorana-Weyl spinors. The fermions of the fivebrane belong to the four-dimensional
vector representation of USp(4) and are USp(4) symplectic Majorana-Weyl spinors and
so obey equation (1.3.17). Since they are Weyl we can work with their Weyl projected
components which take only four values as opposed to the usual 8 = 23 components for
a six-dimensional spinor. The spinor indices of the groups Spin(1, 5) and USp(4) are
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denoted by α, β, ... = 1, ..., 4 and i, j, ... = 1, ..., 4 respectively and thus the spinors carry
the indices Θiα, α = 1, . . .4, i = 1, . . .4. The spinors therefore have the required sixteen
real components.
It is instructive to examine how this spinor arises from the original eleven-dimensional
spinor Θα in terms of which the fivebrane dynamics was first formulated. Although we
began with spinor indices α that take thirty-two values we can, as above for all branes,
split these indices into two pairs of indices each taking sixteen values α = (α, α′). In the
final six-dimensional expressions the spinor indices are further written according to the
above decomposition of the spin groups and we take α→ αi and α′ → iα when appearing
as superscripts and α → αi and α′ → αi when appearing as subscripts. It should be
clear whether we mean α to be sixteen- or four-dimensional depending on the absence or
presence of i, j, ... indices respectively. For example, we will write Θα
′ → Θiα.
The fields of the fivebrane belong to the so-called (2, 0) tensor multiplet which trans-
forms under (2, 0) six-dimensional supersymmetry. The (2, 0) notation means that the
supersymmetry parameter is a USp(4) symplectic Majorana-Weyl spinor. By contrast,
we note that (1, 0) supersymmetry means that the supersymmetry parameter is a USp(2)
symplectic Majorana-Weyl spinor while, if the parameter is just a USp(4) symplectic Ma-
jorana spinor, the supersymmetry would be denoted by (2, 2).
The classical equations of motion of the fivebrane in the absence of fermions and
background fields are [137]
Gmn∇m∇nXa
′
= 0 , (7.5.1)
and
Gmn∇mHnpq = 0. (7.5.2)
where the world surface indices are m,n, p = 0, 1, ..., 5 and a, b, c = 0, 1, ..., 5 for world and
tangent indices respectively. The transverse indices are a′, b′ = 6, 7, 8, 9, 10. We now define
the symbols that occur in the equation of motion. The usual induced metric for a p-brane
is given, in static gauge and flat background superspace, by
gmn = ηmn + ∂mX
a′∂nX
b′δa′b′ . (7.5.3)
The covariant derivative in the equations of motion is defined with the Levi-Civita con-
nection with respect to the metric gmn. Its action on a vector field Tn is given by
∇mTn = ∂mTn − Γ pmnTp (7.5.4)
where
Γ pmn = ∂m∂nX
a′∂rX
b′grsδa′b′ . (7.5.5)
We define the world surface vielbein associated with the above metric in the usual way
gmn = e
a
mηabe
b
n . There is another inverse metric G
mn which occurs in the equations of
motion and it is related to the usual induced metric given above by the equation
Gmn = (e−1)
m
c η
cam da m
b
d (e
−1)
m
b . (7.5.6)
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where the matrix m is given by
m ba = δ
b
a − 2hacdhbcd . (7.5.7)
The field habc is an anti-symmetric three-form which is self-dual:
habc =
1
3!
εabcdefh
def , (7.5.8)
but it is not the curl of a three-form gauge field. It is related to the field Hmnp = 3∂[mBnp]
which appears in the equations of motion and is the curl of a gauge field, but Hmnp is not
self-dual. The relationship between the two fields is given by
Hmnp = e
a
me
b
n e
c
p (m
−1)
d
c habd . (7.5.9)
Clearly, the self-duality condition on habd transforms into a condition on Hmnp and vice
versa for the Bianchi identity dH = 0.
The fivebrane equations of motion were found in reference [137] for arbitrary back-
ground fields and to first-order in the fermions; we refer the reader to this reference for
the construction.
The above fivebrane equations of motion were found using the embedding formalism.
This formalism including the superspace embedding condition of equation (7.5.12) were
first given within the context of the superparticle in reference [178]. Further work on the
superparticle was carried out in references [195] and [196]. The superembedding formalism
was first applied to p-branes in references [131,132, 197, 133] and to the M theory fivebrane
in [134]. The above fivebrane equations of motion were derived in [137]. The form of the
fivebrane equations of motion and the relationship to the D4-brane of the IIA theory was
discussed in reference [137]. Reference[138] contains a review of the embedding formalism.
The super embedding approach was also used to find p-brane actions and equations of
motion in references [141] and [198].
We now briefly explain the simple idea that underlies this formalism. We consider
a target or background superspace M in which a brane sweeps out a superspace M . On
each of these superspaces we have a set of preferred frames or supervielbeins. The frame
vector fields on the target manifold M and the fivebrane world surface M are denoted
by EA = E
M
A ∂M and EA = E
M
A ∂M respectively. We recall that we use the superspace
index convention that N,M, . . . and A,B, . . . represent the world and tangent indices of
the target superspace M while N,M, . . . and A,B, . . . represent the world and tangent
space indices of the embedded superspace M .
Since the supermanifold M is embedded in the supermanifold M , the frame vector
fields of M must point somewhere in M . Exactly where they point is encoded in the
coefficients E
A
A which relate the vector fields EA and EA, i.e.,
EA = E
A
A EA (7.5.10)
Applying this relationship to the coordinate ZM we find the equation
E
A
A = E
N
A ∂NZ
ME
A
M . (7.5.11)
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It is now straightforward to express the torsion and curvature tensors of M in terms of
those of M plus terms involving a suitable covariant derivative of E
A
A ; one finds that
∇AEBC − (−1)AB∇BEAC + TABCECC = (−1)A(B+B)E BB E AA TABC (7.5.12)
where the derivative ∇A is covariant with respect to both embedded and target super-
spaces, that is, it has connections which act on both underlined and non-underlined in-
dices.
The tangent space of the superspaces M and M can be divided into their Grassmann
odd and even sectors, that is the odd and even pieces ofM are spanned by the vector fields
Eα and Ea respectively and similarly for M . The superembedding formalism has only one
assumption; the odd tangent space of M should lie in the odd tangent space of M . This
means that
E
a
α = 0 (7.5.13)
To proceed one substitutes this condition into the relationships of equation (7.5.12) between
the torsions and curvatures of M in terms of M and analyses the resulting equations in
order of increasing dimension. For example at dimension zero one finds the equation
E
a
a E
b
b Tab
c = T cab E
c
c (7.5.14)
This procedure is much the same as for the usual superspace Bianchi identities for super
Yang-Mills and supergravity theories. For the twobrane and fivebrane of M-theory this
procedure yields:
(a) the equations of motion for the fields of the brane,
(b) the equations of motion for the background fields,
(c) the geometry of the embedded manifold, that is its torsions and curvatures.
Finding the equations of motion of the supergravity background fields means finding
the superspace constraints on the target superspace torsions and curvatures.
Although the embedding condition of equation (7.5.13) is very natural in that, as we
saw in section 4, all the geometry of superspace is contained in the odd sectors of the
tangent space of supermanifolds, its deeper geometrical significance is unclear. However,
the power of this approach became evident once it was shown to lead to the correct
dynamics for the most sophisticated brane, the M-theory fivebrane. Although the above
results hold for many branes, they do not hold for all branes unless the embedding condition
is in general suplemented by a further condition.
The appearance of a metric in the equations of motion which is different to the usual
induced metric has its origins in the fact that the natural metric that appears on the world
surface of the fivebrane has an associated inverse vielbein denoted by (E−1)
m
a which is
related in the usual way through Gmn = (E−1)
m
a (E
−1)
n
b η
ab. The relationship between
the two inverse vielbeins is (e−1)
m
a = (m
−1) ba (E
−1)
m
b .
There is another formulation of the dynamics of the fivebrane given in references [141]
and [142]. Although this formulation involves an action this is not necessarily an advantage
as has been pointed out in reference [143]. Reference [141] used the superembedding
formalism, but in a different way to that considered in this section.
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The above equation of motion for the fivebrane admits two interesting solutions cor-
responding to onebranes (self-dual strings) [144] and threebranes [145]. The threebrane
solution has been used [146,177] to derive the complete low energy effective action of the
N = 2 Yang-Mills theory. Indeed, the fivebrane may self-intersect on a four manifold which
can be considered as this 3-brane. Just like the monopoles discussed at the beginning of
this section we may consider the moduli space of threebranes. The low-energy motion of
several threebranes can then be described in terms of their moduli which now depend on
the world surface of the threebrane. The corresponding action for the low energy motion of
these threebranes is then a four dimensional quantum field theory with N = 2 supersym-
metry which is none other that the complete chiral effective action of the spontaneously
broken N = 2 supersymmetry gauge theory. Thus from the classical dynamics of the
fivebrane we can deduce the chiral effective action of the spontaneously broken N = 2
Yang-Mills theory which includes an infinite number of instanton corrections, only the
first two of which can be calculated using known instanton techniques.
8. String Duality
In this section we use our previous discussions on supergravity theories and brane
dynamics to give some of the evidence for string dualities. We restrict our attention to the
relationships between the IIA and IIB strings and M theory and only aim to give some
introductory remarks. A more complete discussion can be found in the lectures of Ashoke
Sen in this volume.
Dualities in string theory can be of several different types. There are dualities which
relate one string theory to another and dualities which relate a given string theory to itself.
We refer to the latter as self-dualities. Dualities can also be classified by whether they
map the perturbative regime of the theory to the same perturbative regime or whether
they map the perturbative regime to the non-perturbative regime. Roughly speaking, the
perturbative and non-perturbative regimes correspond to the small and large coupling con-
stant regimes of the theory respectively. Currently, our ability to calculate systematically
in quantum field theories is limited to the perturbative regime where one can extract mean-
ingful answers by using perturbation theory using the coupling constant as the parameter.
In fact, in the absence of a special non-renormalization theorem, such expansions, which
are derived from the path integral, are not convergent. However, for certain quantum
field theories the first few terms give increasingly more accurate results and one can by
resumming the series find the result to any desired accuracy as a matter of principle. To
determine the range of values of the coupling constant for which the theory is in its pertu-
bative regime is not always very straightforward and it is found by studying the behaviour
of the amplitudes as a complex function of the coupling constant. In some theories there
are no values of the coupling conatant for which the perturbation series can be resummed
and so these theories have in effect no perturbative regime.
In fact, many interesting phenomena are outside the range of perturbation theory.
Such phenomena are often related to the presence of instantons and solitons in the theory.
It is of course one of the outstanding problems of theoretical physics to understand properly
non-perturbative effects, such as quark confinement.
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Dualities which map from the perturbative to the same perturbative regime of a theory
are mapping from a regime of the theory which is relatively well understood to the same
region. As a result, such dualities are straightforward to check. The best example of this
type of duality in string theory is so called T-duality [183, 191, 192] which occurs in string
theories that are compactified. The simplest example of T -duality occurs for the closed
bosonic string theory compactified on a circle of radius R. One finds that the theory is
invariant under the transformation R → α′
R
. To be more precise, the mass spectrum of
the physical states and their scattering amplitudes are invariant under this transformation
[184].
More generally, we can consider the T-duality which occurs in a string theory which
has been compactified on d of its dimensions. In string theory we can make separate
compactifications for the left and right modes of the string and as a result the relavent
torus is T (d,d) = R
(d,d)
Λ(d,d)
where Λ(d,d) is the Lorentzian lattice that generates the torus.
The lattice is formed from the momenta in the left and right directions (pL, pR). This
lattice is just the momenta on the torus, while the Lorentzian signature arises from the
scalar product encoded in the constraint (L0 − L¯0)ψ = 0. This constraint also implies the
lattice is even. Modular invariance of this string theory requires that Λ(d,d) be an even
self-dual Lorentzian lattice. Clearly, the resulting string theory depends on the torus, or
equivalently the self-dual lattice used in the compactification. It turns out that all even
self-dual Lorentzian lattices that can occur in such string compactifications are uniquely
classified by the coset [190]
O(d;R)⊗O(d;R)\O(d, d;R)/O(d, d;Z) (8.1)
Consequently, the resulting string theories are also classified by this coset. Clearly, we can
act with the group O(d, d;Z) on the basis vectors of a given lattice and it will take that
lattice to itself. Hence we must also divide out by this group. The d2 parameters of the
coset can be accounted for by the d2 expectation values of the metric and anti-symmetric
tensor of the string in the compactified directions [161]. The corresponding string theory
is invariant under the duality symmetry O(d, d;Z). The T-dualities map a given theory
to itself and are therefore an example of a self-duality. The T-duality symmetries are well
understood and have been shown to hold to all orders in string perturbation theory [184].
Dualities which map from perturbative to non-perturbative regimes are not very well
understood. The problem with verifying such dualities is that they relate quantities in the
perturbative regime, which in general can be reliably computed, to quantities in the non-
perturbative regime which in general can not be calculated. Therefore such dualities are
in general difficult to test. However, for certain supersymmetric theories, some properties
of the theory in the non-perturbative regime are reliably known. One example is the
low-energy effective action of a string theory that possesses a supersymmetry with 32
supercharges. Such a low-energy effective action is none other than a supergravity theory.
We recall that supergravity theories can have an underlying supersymmetry algebra that
has at most 32 supercharges. Furthermore, for one of the maximal supergravity theories,
the action is essentially uniquely determined by the underlying supersymmetry algebra. For
example, if we are in ten dimensions then a supersymmetry algebra with 32 supercharges
has either two Majorana-Weyl spinors of the same chirality or two Majorana-Weyl spinors
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of the opposite chirality and the corresponding unique supergravity theories are the IIB
and IIA supergravities respectively. Therefore, given any string theory which is invariant
under a space-time supersymmetry that has 32 supercharges, then the low energy effective
action of this string theory must be the unique maximal supergravity in that dimension
for the particular maximal supersymmetry algebra involved. Hence if we suspect that
two string theories are related by a duality symmetry one test we can apply is to find
if the suspected duality relates their low energy effective actions which are the unique
corresponding maximal supergravities. We can turn this approach around and consider
which string theories have low-energy effective theories (i.e supergravity theories) that can
be related by a duality symmetry and then consider if these symmetries can be promoted
to string dualities.
A further consequence of these considerations concerns string theories that are invari-
ant under a space-time supersymmetry with 32 supercharges and that are self-dual. Since
their low energy effective actions in both the strong and weak coupling limits are the same
low-energy supergravity, it follows that this self-duality symmetry must be a symmetry of
the maximal supergravity theory. Thus to look for self-duality symmetries we can examine
the symmetries of the maximal supergravities and wonder which to promote to a string
duality.
One other property that we can reliably establish in all coupling constant regimes of
a supersymmetric theory is the existence of the BPS states discussed in section 3. Recall
from there that these supermultiplets have fewer states than a supermultiplet with a generic
mass and their existence relies on their mass being equal to one of the central charges that
appear in the supersymmetry algebra. For these states to disappear as one changes the
coupling constant would require the abrupt existence of additional degrees of freedom and
this does not usually occur.
Equipped with this strategy we now examine the relationships between the maximal
supergravity theories. For simplicity let us consider the relationships between the maximal
supergravities in eleven, ten and nine dimensions. These are the eleven-dimensional su-
pergravity and the IIA and IIB theories in ten dimensions and the single nine-dimensional
maximal supergravity. Their relationships are set out in figure 8.1. We recall from section
6 that IIA supergravity can be obtained from eleven-dimensional supergravity by reduc-
tion on a circle and that the radius R of this circle and the coupling constant gs of the
IIA string theory are related by equation (6.2.11). The IIB theory has a supersymmetry
algebra with two Majorana-weyl spinors of the same chirality and so can not be obtained
from eleven-dimensional supergravity by dimensional reduction. It does, however, possess
an SL(2,R) symmetry. Finally, we found that if we reduce either the IIA or IIB theory
to nine dimensions then we obtain the same unique supergravity.
Let us now consider what these relationships suggest for the corresponding string
theories. Let us begin by considering which of the theories in ten dimensions could be
self-dual. The obvious candidate is the IIB theory whose low-energy effective action has
an SL(2,R) symmetry [110]. It is natural to consider this group or one of its subgroups to
be a symmetry of the IIB string theory. The IIB supergravity has two second-rank tensor
gauge fields B1µν and B
2
µν which transform into each other under SL(2,R) as in equation
(6.3.39). From the viewpoint of the IIB string these fields belongs to the NS ⊗ NS and
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R ⊗ R sectors respectively. As we explained in section 7.2 these target space gauge fields
couple to the 1-branes which are the IIB string itself and the Dirichlet 1-brane.
Let us consider an object which is charged with respect to both gauge fields B1µν and
B2µν and denote the charges by q
1 and q2 respectively. Since the charges they carry are
proportional to their corresponding field strengths they are rotated into each other under
SL(2,R). Using equation (6.3.39), we conclude that under an SL(2,R) transformation
the charges are changed according to [110](
q1′
q2′
)
=
(
a b
c d
)(
q1
q2
)
(8.2)
However, the analogue of the Dirac quantization condition for branes [191] implies that
the charges are always quantized in integers once we adopt suitable units. It is easy to
see that the maximal subgroup of SL(2,R) which preserves such a charge quantization is
SL(2,Z). The charge quantization condition can be expressed as the statement that one
can only ever find whole fundamental strings and D1-branes and their bound states.
Thus we can at most choose the group SL(2,Z) to be a symmetry of IIB string
theory. This symmetry includes the transformation of equation (6.3.40) and so takes the
weak coupling regime theory to the strong coupling regime of the IIB string.
Clearly, in the IIB string theory there exist elementary string states of unit charge
with respect to the gauge field B1µν , but no charge with respect to the other gauge field
B2µν . One such state has charge
(
1
0
)
. Acting with an SL(2,Z) transformation we find,
using equation (8.2), states with the charges
(
a
c
)
where a and c are integers and are
the charges with respect B1µν and B
2
µν respectively. While the states charged with respect
to just B1µν are the elementary string states which occur in the perturbative domain, the
SL(2,Z) rotated states carry charge with respect to B1µν and B
2
µν and are non-perturbative
in nature. Indeed, the elementary states of the IIB string cannot be charged with respect
to B2µν . Hence, the existence of an SL(2,Z) symmetry in the theory implies that there
must exist states with the above charges for all integers a and c which are relatively prime,
that is have no common factor. The latter condition follows from the SL(2,Z) condition
ad − bc = 1, since in this case ad − bc would contain a common factor and so could not
equal one. It was shown [164], by considering parallel Dirichlet 1-branes, that these states
actually exist and this provides us with an important consistency check on the conjectured
SL(2,Z) symmetry in the string theory.
It was in reference [152] that it was first suggested that string theory could possess a
duality symmetry that transformed weak- to strong-coupling regimes. In particular, it was
known that that the low-energy effective action for the heterotic string theory compactified
on T 6 possessed an SL(2,R) symmetry and the authors of reference [152,153] suggested
that the SL(2,Z) subgroup be a symmetry of the the heterotic string theory compactified
on T 6. By considering the action of this symmetry on BPS states, in references [152-
154] and [155] evidence for this conjecture was given. In reference [156], it was suggested
that the SL(2,Z) subgroup of the known SL(2,R) [110] symmetry of the IIB low energy
effective action be a symmetry of the full IIB theory. Indeed, reference [156] conjectured
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that if we changed the field from R to Z in the known coset symmetry of the low energy
effective action (i.e. supergravity theory) then we will find a symmetry of the corresponding
string theory. To be precise it was suggested that since the supergravity theories possessed
scalars which were contained in coset spaces G/H that the corresponding string theory
have a symmetry G(Z) where G(Z) is the group G with its field changed form R to Z.
The coset space symmetries of the maximal supergravity theories are listed in table 6.1.
For the IIA or IIB string compactified on a six-dimensional torus, the low-energy effective
action is the N = 8 supergravity in four dimensions and so we expect to find a E7(Z)
symmetry. These references followed the pattern that occurs in the N = 4 Yang-Mills
theory which was earlier given in reference [193].
Now let us turn our attention to the relationship between the eleven-dimensional
supergravity [106] and the IIA supergravity [107-109]. As explained in section 6.2 the
former theory results from the latter if we compactify on a circle [107-109]. We found in
equation (6.2.18) that the IIA string coupling gs and the radius of compactification R11 are
related by gs ∝ R
3
2
11. Clearly, in the strong-coupling limit of the IIA string i.e. as gs →∞
the radius R11 → ∞. However, in this limit the circle of compactification becomes flat
and one expects to recover an eleven-dimensional theory whose low-energy limit is eleven-
dimensional supergravity. This realization has lead to the conjecture [123],[124] that the
strong coupling limit of IIA theory defines a consistent theory called M-theory which
possesses eleven-dimensional Poincae´ invariance and has eleven-dimensional supergravity
as its low-energy effective action.
We now summarise some of the evidence for the existence of M theory. When com-
pactifying the eleven-dimensional supergravity in section 6.2 in addition to the massless
modes of the IIA supergravity theory we found Kaluza-Klein modes. These Kaluza-Klein
modes have a mass n
R11
which have charge n
R
= n
R11
g
2
3
s with respect to the U(1) gauge field
Bµ in the IIA theory that arises from the graviton in eleven dimensions. Since the low-
energy effective action of M theory is eleven-dimensional supergravity, these Kaluza-Klein
modes are also present in M theory. However, if we are to believe that the strong-coupling
limit of IIA string theory is M theory then these Kaluza-Klein modes should be also be
present in the IIA string. In fact, the Kaluza-Klein states belong to massive supermulti-
plets that have fewer states than a supermultiplet with a generic mass and so they are the
so called BPS states considered in section 3 whose mass is equal to their central charge.
As we discussed at the end of that section, the existence of BPS states must be present in
the strong coupling regime of a theory if they are present in the weak-coupling regime and
vice versa. As such, we should find the analogue of the Kaluza-Klein states at all coupling
constant regimes of the IIA string theory.
Hence an essential test of the conjecture is to find the analogues of the Kaluza-Klein
states in the IIA theory. The first evidence for the existence of these states in the IIA
string was the realization that the IIA supergravity admitted solitonic states of the correct
mass and charge [123]. The elementary states, that is perturbative states of the IIA string,
are not charged with respect to the gauge field Bµ since it belongs to the R ⊗ R sector
of the IIA string. However, as we discussed in section 6, Dirichlet 0-branes do couple to
the Bµ gauge field in the R ⊗R sector of the IIA string. The Dirichlet 0-branes are non-
perturbatitve in nature, but this identification is in accord with fact that the masses of the
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Kaluza-Klein states are given by n
R11
= nms
gs
when expressed in terms of the string coupling
constant. These states becomes very large as the coupling constant becomes small, in a
manner typical of non-perturbative solitons. In the limit of large coupling they become
massless. The appearance of an infinite number of massless modes indicates the transition
to a theory in which a dimension has become decompactified.
The dynamics of a single such Dirichlet 0-brane was outline in section 7. In a flat
background, it consists of a supersymmetric generalization of Born-Infeld action in one
dimension. At low-energy this theory in just the dimensional reduction of D = 10 U(1)
gauge theory to one dimension. Such a single Dirichlet 0-brane has the correct mass
and charge to be identified with the lowest mass Kaluza-Klein state. It is thought that
the higher mass Kaluza-Klein states can be identified with bound states of Dirichlet 0-
branes at threshold, that is, bound states that have the same energy as the lowest energy
state of two particles. The dynamics of several parallel Dirichlet 0-branes is described by
a supersymmetric generalization of Born-Infeld theory which now carries a U(N) gauge
group if N is the number of parallel Dirichlet 0-branes. At low energy, this theory is
just a dimensional reduction of D = 10 Yang-Mills theory to one dimension. Just as one
quantizes the point particle to discover that it corresponds to the Klein-Gordon equation in
quantum field theory and quantizes a 1-brane (i.e. string) to discover its particle spectrum,
one must quantize this supersymmetric generalization of non-abelian Born-Infeld theory
to discover the states in the IIA string arising from the presence of the Dirichlet 0-branes.
It is thought that this quantum mechanical system does indeed have bound states that
have the correct mass and charge to be identified with the Kaluza-Klein states [182].
The last similarity between the maximal supergravity theories is the equivalence of
the IIA and IIB supergravity theories when compactified on a circle [107]. Hence, if one
compactifies the IIA and IIB string theories on circles of radius RA and RB respectively
one obtains string theories in nine dimensions which have the same low effective action,
since the maximal supergravity theory in this dimension is unique. This suggests that these
two string theories in nine dimensions are really the same theory. However, the variables
in which the two theories are found after compactification may be related in a non-trivial
way. In fact, the two IIA and IIB string theories compactified on circles of radius RA and
RB respectively are the same theory, but they are related by a T-duality transformation
such that RA → α′RB . [186-188]. In the limit RA → ∞ the theory decompactifies and one
recovers the IIA string in ten dimensions. Just as for the reduction of the IIA theory, the
radius of the circle is related to a scalar field in the theory in nine dimensions that appears
from the metric in ten dimensions and as a result each value of the radius corresponds to a
point in the moduli space of the theory in nine dimensions . The limit in which RA →∞
is just a limit to a point in moduli space. Similarly, in the limit RB → ∞, which is also
the limit RA → 0, we recover the IIB string theory in ten dimensions. Hence, different
limits in the moduli space of the nine dimensional theory lead to different theories in ten
dimensions. Starting with say the IIA theory in ten dimensions, one can compactify on a
circle, carry out a T-duality transformation and then take the appropriate limit to recover
the IIB theory in ten dimensions. Because of the need to take limits one cannot, in general,
simply carry out the T-dualtiy directly in the ten-dimensional theories.
Of course the IIA supergravity theory in nine dimensions can be obtained from eleven-
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dimensional supergravity by compactification on a torus and so one may expect that the
IIA string in nine dimensions can be obtained from compactification of M theory on a
torus. The resulting nine-dimensional theories will inherit the isometries of the torus as
symmetries. In fact it can be shown that the SL(2,Z) which acts on the basis vectors
of lattice which underlies the torus, can be identified with the SL(2,Z) of the IIB theory
after it has been compactified on a circle.
The relations between M theory and the IIA and IIB string theories in ten dimensions
and the one string theory in nine dimensions discussed above are summarized in figure
8.2. The similarity, for the reasons explained above, between this table and talbe 8.1
for the corresponding supergravity theories is obvious. It is relatively straightforward,
using similar arguments, to incorporate the heterotic and type I string theories into these
pictures. We refer to the lectures of Ashoke Sen contained in this volume for a more
complete treatment of string duality.
S1
IIA Supergravity
IIB Supergravity
(SL(2,R))
The D=9 maximal 
supergravity
D=11 Supergravity
S1
S1
Relations between Maximal Supergravities
100
lM Theory
IIA String
S1
S1
Type II string in D=9
(self-dual SL(2,Z))
IIB string 
S1
Relations between the IIA and IIB string theories and M Theory
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